MIK@

Powered by DHI

MIKE 21

Spectral Wave Module

Scientific Documentation

Powering WATER DECISIONS MIKE 2021



DHI A/S headquarters
Agern Allé 5

DK-2970 Hgrsholm
Denmark

+45 4516 9200 Telephone
+45 4516 9333 Support
+45 4516 9292 Telefax

mike@dhigroup.com
www.mikepoweredbydhi.com

m21sw_scientific_doc.docx/ORS/2019-08-28 - © DHI A/S



P
MIKE"

Powered by DHI

PLEASE NOTE

COPYRIGHT This document refers to proprietary computer software, which is
protected by copyright. All rights are reserved. Copying or other
reproduction of this manual or the related programmes is
prohibited without prior written consent of DHI A/S (hereinafter
referred to as “DHI”). For details please refer to your ‘DHI
Software Licence Agreement’.

LIMITED LIABILITY The liability of DHI is limited as specified in your DHI Software
License Agreement:

In no event shall DHI or its representatives (agents and suppliers)
be liable for any damages whatsoever including, without
limitation, special, indirect, incidental or consequential damages
or damages for loss of business profits or savings, business
interruption, loss of business information or other pecuniary loss
arising in connection with the Agreement, e.g. out of Licensee's
use of or the inability to use the Software, even if DHI has been
advised of the possibility of such damages.

This limitation shall apply to claims of personal injury to the extent
permitted by law. Some jurisdictions do not allow the exclusion or
limitation of liability for consequential, special, indirect, incidental
damages and, accordingly, some portions of these limitations
may not apply.

Notwithstanding the above, DHI's total liability (whether in
contract, tort, including negligence, or otherwise) under or in
connection with the Agreement shall in aggregate during the term
not exceed the lesser of EUR 10.000 or the fees paid by
Licensee under the Agreement during the 12 months' period
previous to the event giving rise to a claim.

Licensee acknowledge that the liability limitations and exclusions
set out in the Agreement reflect the allocation of risk negotiated
and agreed by the parties and that DHI would not enter into the
Agreement without these limitations and exclusions on its liability.
These limitations and exclusions will apply notwithstanding any
failure of essential purpose of any limited remedy.

Powering WATER DECISIONS MIKE 2021



MIK@

Powered by DHI

CONTENTS

MIKE 21
Spectral Wave Module
Scientific Documentation

1 INTFOAUCTION oo 1
2 APPHCAtION AFBAS.....cci i 3
3 2T Y Tl =T LU E= 1 T ] 1L PP PPPPPRPPPRTPRS 5
3.1 LT 1T | PRSP PRPPUPRR 5
3.2 Wave Action Conservation EQUALIONS ..........iiiciiiiiiiiiee e e e s st e e e e s s st e e e e e e s s ssntara e e e e e e s e annnrnrereeaeeann 6
3.3 SOUCE FUNCLIONS .oittiiei ittt ettt e e st e e e sa bt e e e e aat et e e e sabe e e e e smbe e e e e anbeeeeeanbeeeeeanteeeeesnbeeeeeanes 8
3.3.1 L0721 T IR T oV SRR 8
3.3.2 QuUAdruplet-Wave INTEIACTIONS .......uvveiieeei it e e e e e s e e e e s e s e e e e e e s e eeeaeasssntarreeaeeeaeannnrnneeees 14
3.3.3 THAA-WAVE INTEIACLIONS ....eiiiiiiie ettt ettt e ettt e e e e s bt e e e s bt e e e etbe e e e e anbe e e e e anbeeeeenneeas 19
3.34 LAY a1 G =T o] o1 o SRS 19
3.35 (20 10] 001N Tox 1T o IR PRPTTPRRN 21
3.3.6 WAVE BIEAKING ... .eeiiieeie ettt e e e e e et e e e e e e s e et e e et e e e e e s e n b a e aeeee e e e nrnraaraeaeaan 22
3.4 D11 = Yo 1o o PSPPSR 24
4 Numerical IMPIEMENTATION .......viiiiiiiiiee e 26
4.1 SPACE DISCIEIISALION. ....eeiiiutiiie et e ettt ettt ettt ettt e e sttt e s bt e e s bbbt e e annb et e e e nbe e e e s ntbeeesannaeeens 26
4.2 BT ] (=T |- Ui o o EO TP STPTPRPO 28
4.3 (oW Lo FoT g YA O o] g o 1110 ] o F- PRSPPI 30
4.4 3= ox 1 0] o SO 30
4.5 SHUCTUIES <. 30
45.1 S0 8 (o= (=T g 1= To] o] £ = o] o T OSSP RRPTPP 31
452 CONVECHIVE FIUX @PPIOACK .....eiiiiieee ettt ettt e et e e s et e e e s annaeee s 32
5 OUTPUL DATA. ...ttt e 34
5.1 1= (o I Y/ o1 PRSPPI 34
5.2 OULPUL FOIMI@LE ...ttt ettt e oo e ettt e e e e ettt e e e e e et e et e e e e e s nnees 41
6 ] =T =T o] = PP 42
6.1 Other Relevant REEIENCES. ... ... .. et e ettt e e e e et e e e e e e e e e nneeeeeeas 44
APPENDICES

APPENDIX A

Spectral Wave Parameters

Powering WATER DECISIONS i



Introduction MI KE i §

Powered by DHI

1 Introduction

MIKE 21 SW is a new generation spectral wind-wave model based on unstructured
meshes. The model simulates the growth, decay and transformation of wind-generated
waves and swell waves in offshore and coastal areas.

Figure 1.1 MIKE 21 SW is a state-of-the-art numerical tool for prediction and analysis of wave
climates in offshore and coastal areas

MIKE 21 SW includes two different formulations:

«  Directional decoupled parametric formulation
*  Fully spectral formulation

The directional decoupled parametric formulation is based on a parameterization of the
wave action conservation equation. The parameterization is made in the frequency
domain by introducing the zeroth and first moment of the wave action spectrum as
dependent variables following Holthuijsen (1989).

The fully spectral formulation is based on the wave action conservation equation, as
described in e.g. Komen et al (1994) and Young (1999), where the directional-frequency
wave action spectrum is the dependent variable.

The basic conservation equations are formulated in either Cartesian coordinates for
small-scale applications or polar spherical coordinates for large-scale applications.

MIKE 21 SW includes the following physical phenomena:

*  Wave growth by action of wind

. Non-linear wave-wave interaction

. Dissipation due to white-capping

- Dissipation due to bottom friction

. Dissipation due to depth-induced wave breaking
. Refraction and shoaling due to depth variations
*  Wave-current interaction

. Effect of time-varying water depth

© DHI A/S - MIKE 21 Spectral Wave Module 1
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The discretisation of the governing equation in geographical and spectral space is
performed using cell-centred finite volume method. In the geographical domain, an
unstructured mesh technique is used. The time integration is performed using a fractional
step approach where a multi-sequence explicit method is applied for the propagation of
wave action.

© DHI A/S - MIKE 21 Spectral Wave Module 2
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2 Application Areas

MIKE 21 SW is used for the assessment of wave climates in offshore and coastal areas -
in hindcast and forecast mode.

A major application area is the design of offshore, coastal and port structures where
accurate assessment of wave loads is of utmost importance to the safe and economic
design of these structures. Measured data is often not available during periods long
enough to allow for the establishment of sufficiently accurate estimates of extreme sea
states. In this case, the measured data can then be supplemented with hindcast data
through the simulation of wave conditions during historical storms using MIKE 21 SW.

MIKE 21 SW is particularly applicable for simultaneous wave prediction and analysis on
regional scale (like the North Sea, see Figure 2.1) and local scale (west coast of Jutland,
Denmark, see Figure 2.3). Coarse spatial and temporal resolution is used for the regional
part of the mesh and a high-resolution boundary- and depth-adaptive mesh is describing
the shallow water environment at the coastline.

r] q “ a ] 2 4 '] [} " 2 14 i 1] x - '} E -]
T TR - O

Figure 2.1 A MIKE 21 SW forecast application in the North Sea and Baltic Sea. The chart shows
a wave field illustrated by the significant wave height in top of the computational
mesh

MIKE 21 SW is also used in connection with the calculation of the sediment transport,
which for a large part is determined by wave conditions and associated wave-induced
currents. The wave-induced current is generated by the gradients in radiation stresses
that occur in the surf zone. MIKE 21 SW can be used to calculate the wave conditions
and associated radiation stresses.

© DHI A/S - MIKE 21 Spectral Wave Module 3
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Figure 2.2 Illustration of typical application areas
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Figure 2.3  Example of a computational mesh used for transformation of offshore wave statistics
using the directionally decoupled parametric formulation

MIKE 21 SW can also be applied on global scale as illustrated in Figure 2.4.

Figure 2.4 Example of a global application of MIKE 21 SW. Results from such a model can be
used as boundary conditions for regional scale forecast or hindcast models

© DHI A/S - MIKE 21 Spectral Wave Module 4
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3 Basic Equations

3.1 General

The dynamics of the gravity waves are described by the transport equation for wave
action density. For small-scale applications the basic transport is usually formulated in
Cartesian coordinates, while spherical polar coordinates are used for large-scale
applications. The wave action density spectrum varies in time and space and is a function
of two wave phase parameters. The two wave phase parameters can be the wave

number vector K with magnitude, k, and direction, 6. Alternatively, the wave phase
parameters can also be the wave direction, 6, and either the relative (intrinsic) angular
frequency, o = 2zfr, or the absolute angular frequency, o = 2xfa. In the present model a
formulation in terms of the wave direction, 6, and the relative angular frequency, o, has
been chosen. The action density, N (o, 6), is related to the energy density E(o, &) by

NoE (3.1)

For wave propagation over slowly varying depths and currents the relation between the
relative angular frequency (as observed in a frame of reference moving with the current
velocity) and the absolute angular frequency, o, (as observed in a fixed frame) is given by
the linear dispersion relation

o =.,Joktanh(kd) = w—k -U (3.2)

where g is the acceleration of gravity, d is the water depth and U is the current velocity
vector. The magnitude of the group velocity, cg, of the wave energy relative to the current

is given by
oo 1 2kd o

Co=— = |lt—r— | (3.3)
ok 2|7 sinh(2kd) ) k

The phase velocity, c, of the wave relative to the current is given by

C—g (3.4)
" .

The frequency spectrum is limited to the range between a minimum frequency, o and

min ?
a maximum frequency, o, . The frequency spectrum is split up into a deterministic
prognostic part for frequencies lower than a cut-off frequency and an analytical diagnostic
part for frequencies higher than the cut-off frequency. A dynamic cut-off frequency
depending on the local wind speed and the mean frequency is used as in the WAM Cycle
4 model (see WAMDI Group (1988) and Komen et al. (1994)). The deterministic part of
the spectrum is determined solving the transport equation for wave action density using
numerical methods. Above the cut-off frequency limit of the prognostic region, a
parametric tail is applied

© DHI A/S - MIKE 21 Spectral Wave Module 5
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E(c,0)=E(o,,, ,9){L]_m 3.5)

Gn‘ax

where m is a constant. In the present model m =5 is applied. The maximum prognostic
frequency is determined as

Ocut—off = MIN [O_max ,max(2.50 ,4opy )] (3.6)

where o, is the maximum discrete frequency used in the deterministic wave model, o
is the mean relative frequency and o, = 9/(28u,,) is the Pierson-Moskowitz peak

frequency for fully developed waves (U, is the wind speed at 10 m above the mean sea

level) The diagnostic tail is used in the calculation of the non-linear transfer and in the
calculation of the integral parameters used in the source functions. Below the minimum
frequency the spectral densities is assumed to be zero.

As standard the mean frequency, used in Eq. (3.6), is calculated based on the whole
spectrum. For swell dominated wave conditions this can result in a too low cut-off
frequency and thereby an underestimation of the local generated wind waves. The
predictions can be improved by calculation the mean frequency based on only the wind-
sea part of the spectrum. The separation of wind-sea and swell can be estimated using
the definitions in Section 5.1.

3.2  Wave Action Conservation Equations

The governing equation is the wave action balance equation formulated in either
Cartesian of spherical coordinates (see Komen et al. (1994) and Young (1999)).

Cartesian coordinates

In horizontal Cartesian coordinates, the conservation equation for wave action can be

written as
ﬁJrV'(V'\l):§ 3.7)
ot o

where N (X, o, 0,t) is the action density, t is the time, X = (X, y) is the Cartesian
coordinates, V = (CX 1Cy,Cqs Ca) is the propagation velocity of a wave group in the four-

dimensional phase space X, ocand 6, and S is the source term for the energy balance
equation. V is the four-dimensional differential operator in the X , o, #-space. The four
characteristic propagation speeds are given by

ax . -
(Cx,Cy)=a=Cg +U (3.8)
U:d_aza_g{ﬁﬂj.vxd}_cgﬁ.@ (3.9)
dt o t 0s

© DHI A/S - MIKE 21 Spectral Wave Module 6
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(3.10)

“k|od om om

o .40 _ 18_"@4@
7 dt k

Here, s is the space coordinate in wave direction 6, and m is a coordinate perpendicular
tos. Vs the two-dimensional differential operator in the X -space.

Spherical coordinates

In spherical coordinates, the conserved property is the action density NI(Y(, 0,0,1) . Here,
X = (¢, A) is the spherical coordinates, where ¢ s the latitude and 4 is the longitude. The

action density N is related to the normal action density N (and normal energy density E)

through Ndod@dgd A = Ndod Gixdy, or

2
N = Nchos¢:ER—COS¢ (3.11)

O

where R is the radius of the earth. In spherical polar coordinates the wave action balance
equation can be written

N o6 - 0 o 0 o 0 o S
—+—CN+—_—C;N + —c,N+_—c,N=— (3.12)
ot 0¢ oA oo 0 o
Here §(7(, o,0,t) = SR? COS¢ is the total source and sink function. The four
characteristic propagation speeds are given by
dg C4CO80 +uy
dt R
dA CysinO+u,
C, =—=—"—"-—""" (3.14)
dt Rcos ¢
du
Co‘ :dﬁzai @_E(idﬁ+7¢_u¢tan¢)
dt  od| ot R cosg 04 0¢
du i du 3.15
ke | cos@(sin 0%+c059J)+ﬂ(sin edﬂ+cose—¢)— (3.19)
-—— d¢ dg¢” cosg dA dA
cosdtan g(u, sin ¢ +u,, cosd)
do cysinftang 1 oo . ad cosd ad
Cp=—=—""—"—+——|siNg— ————
dt R Rk ad o¢ cosp oA
i P ou d ou (3.16)
sno sin 9ﬂ+c050—¢ _ coso sin 0i+cose—¢
R o¢ d¢ ) Rcosg oA oA

© DHI A/S - MIKE 21 Spectral Wave Module 7
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Here (u¢ ) u/l) are the components of the depth-averaged current U inthe geographical

space. For the wave direction 6 a nautical convention is used (positive clockwise from
true North): the direction from where the wind is blowing.

3.3 Source Functions

The energy source term, S, represents the superposition of source functions describing
various physical phenomena

S = Sin + Sn:l. + Sds + Sbot + Ssurf (3-17)

Here Sin represents the generation of energy by wind, Sn is the wave energy transfer due
non-linear wave-wave interaction, Sdsis the dissipation of wave energy due to
whitecapping, Shot is the dissipation due to bottom friction and Ssurt is the dissipation of
wave energy due to depth-induced breaking.

3.3.1 Wind input
In a series of studies by Janssen (1989), Janssen et al. (1989) and Janssen (1991), it is
shown that the growth rate of the waves generated by wind depends also on the wave
age. This is because of the dependence of the aerodynamic drag on the sea state.
The input source term, Sin is given by

Sin(f,0)=max(a, 7E(f,0)) (3.18)

where a is the linear growth and y is the nonlinear growth rate.

Non-linear growth

A simple parameterisation of the growth rate, » ,of the waves is obtained by Janssen

(1991) by fitting a curve to his earlier detailed numerical results. This fitted curve
compares favourably with observations by Snyder et al., 1981. Janssen suggested

y =efx? (3.19)

where ¢ is the ratio of density of air to water p, / p,, and o is the relative circular
frequency. x is given by

X = u?* cos(6 - 6,,) (3.20)

where U. is the wind friction velocity, C is the phase speed and € and 6,, are the wave
and wind directions, respectively. Finally, £ is given by:

© DHI A/S - MIKE 21 Spectral Wave Module 8
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ﬂ=%ﬂ|n4u p<1
K

£ =0 u>1

(3.21)

where K is von Karman's constant K =0.41 and u is the dimensionless critical height
u =Kz, (3.22)

Here k is the wave number and z. is the critical height defined as the elevation above sea
level where the wind speed is exactly equal to the phase speed. Assuming a logarithmic
wind profile, the critical height can be written as

z, =z,exp(x/Xx) (3.23)

In the actual implementation of WAM, Eg. (3.20) was modified as follows:

X = (u?*+ zajcos(e—ew) (3.24)

where z, = 0.011. According to Peter Janssen (private communication, 1995), this was
necessary to account for gustiness and obtain a reasonable growth rate with WAM.

Using Egs. (3.21) - (3.24), the growth rate due to wind input can be calculated as

2
Pa (1.2 4 Us
220 == uln — cos(@ -6 <1
(pWJ(KZﬂ ﬂjvﬂcﬂaj ( W)} H 629

y=0 u>1

where
u =Kkz, exp(x /x) (3.26)

For a given wind speed and direction, the growth rate of waves of a given frequency and
direction depends on the friction velocity, U. and sea roughness, Z, . In order to calculate

U.., Janssen assumed a logarithmic profile for the wind speed u(z) of the form

Us Z+12
u(z)=—I| —>- Zg =2y + 2oy (3.27)
K\ Zgy + Zow

where Z,, models the effect of gravity-capillary waves (can be seen as background

roughness) and Z,, models the effect of short gravity waves. Z , is parameterised as

2
Zob = Zcharnook U /g (3.28)

where Zcpamoek IS the Charnock parameter. The default value are Zcpamo = 0-01.

Usually, Z >> Z,, and in that case

© DHI A/S - MIKE 21 Spectral Wave Module 9
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In[zj (3.29)
Zy

Three different formulations for estimating U. and zc has been implemented in the model:

Uncoupled model using a drag law

Here the relation between the wind speed U, =u(z) atalevel Z = z,;,4y and the wind
friction velocity is given by a simple empirical formulation

2 2
U. = CD 'UW7CD = adrag + ﬁdrag 'Uw (3.30)

where &,4 and ﬂdrag are two constants. The default values are Z,,;,4 =10 m,

Qirag = 6.3-10™* and Barag =6.6-10 >, cf. Smith & Banke (1975). Then the sea
roughness is obtained using Eqg. (3.29).

Zy = Zying ©XP| — N (3.31)

Uncoupled model using Charnock

If Z,,, is assumed to be small compared to Z,, the air roughness is given by
Zy=2y, =1 uZ/ (3.32)
0 — “0b — “charnock “'* g '

For a given wind speed U, =u(z) atalevelZ =z, itis possible to solve by Eq.

(3.29) and (3.32) iteratively to obtain the roughness length Z, and the friction velocity U..
Now, to limit the number of repetitive calculations of this type, the values of 7 for various
combinations of U, can be pre-computed and stored. The range of U, used is: 0-50
m/s in steps of 0.5 m/s.

Coupled model
Here the sea roughness is given by
_1/2

)"z ul T
Zo =Zop tZow =Zgp (1__\’\[) = S 1 — 2 (3.33)
N g PairUx

where 7, is the wave induced stress, and 7 is the total stress 7 :pairuf. For a given
wind speed U, = u(z) atalevelz = z,,;,4 and the wave induced stress, it is possible to

solve Egs. (3.29) and (3.33) iteratively to obtain U.. To limit the number of repetitive

© DHI A/S - MIKE 21 Spectral Wave Module 10
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calculations of this type, the values of 7 for various combinations of U,, and z,, can be
pre-computed and stored. The range of U, used is: 0-50 m/s in steps of 0.5 m/s, while

the range of 7, is: 0-5 m?/s?in steps of 0.05 m?/s2.

The wave-induced stress, 7, is calculated as follows

w

T :IE dfdé (3.34)

wind
where P is the wave momentum given by

P = p,oE(f,0) (3.35)

Here7 is the unit vector along the wave direction (7 = k /k ). From Eq. (3.18) we obtain

f_p aé 1= p, 0T (3.36)
a " étwind " |

where ¥ is the growth rate of the waves due to wind. Splitting the integral into low and
high frequency parts, one obtains

|

Tw = 2_:w,prognostic—i_ fw,diagnostic (3.37)
where
fmax
Tw, prognostic _[Ipw}’EZﬂf df dol (3.38)
06
fw,diagnostic = _[ IPW7E 2f df dol (3.39)
frax @
Here f_. isthe maximum prognostic frequency.

—

The prognostic part 7,, ,oqnestic IS Calculated by numerical integration of Eq. (3.38) using

—

the computed discrete spectra. The diagnostic part 7, i,qnostic (CONtaining the high

frequency part of the spectrum) is calculated assuming a f - spectra shape, see Eq.

(3.5). For this high frequency waves, the wave celerity can be evaluated using the
expression for deep water waves. Thus, ¢ = g/2xf . Now, substituting Eq. (3.5) with

m=>5 and Eq. (3.25) into Eq. (3.39), we obtain:

. 2z)"* -
Tw,diagnostic = (9712 fn516x 'anEIE(fmax,O)COSZ(H_(D)' |de9| (3.40)
4

where

© DHI A/S - MIKE 21 Spectral Wave Module 11
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L= L (3.41)

By changing the variable fin Eq. (3.41) to a new variable y (defined as the square root of
dimensionless roughness, ,/Kz, )

y=2x.z,/9 (3.42)

Eq. (3.41) is rewritten as

L =[ ,Bﬂ (3.43)

T,

@ Ymax y

where y, . =2af, .. \/Z,/ 9 and the upper limit is set to 1.0. Assuming zcn = 0.0185, this

upper limit corresponds to a frequency of about 180 times the Pierson Moskowitz peak
frequency.

Eq. (3.43) can be re-written as

1 1.2 d
L,=[ “gun‘u (3.49)
Ymax K
where
1 =kz, exp(x/ x) = y* exp(x/ X) (3.45)
X = (u* +1 jcos(& ?) - y+12, [cos(f — @) (3.46)
| A~ 0% - =| T/ a - '
c V92,
Substituting Eqg. (3.46) into Eq. (3.45), we obtain
2 K
H=1Yy exp (3.47)
U*
——-Yy+1z, |cos(6— @)
v 92,
NOW, 7, giagnosticC@N be calculated as
_ 2z ) p+rl2 ~
Tw,diagnostic — (92) : 1:n?ax : ;Dau’g _[9:¢_7z/2 E(fmax, 6)C052(9 - ¢)' Irwdel (3.48)

Where ITW is given by Eq. (3.44) and u is given by Eq. (3.47).

© DHI A/S - MIKE 21 Spectral Wave Module 12
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From Egs. (3.44) and (3.47) it is clear that for given values of z,,u. and (6 —6,,) ,
1. (Z0,Ux,(6@—86,)) can be calculated. To improve the efficiency |, can be

precomputed for various values of the dependent parameters, in the same way it was
done for 7 . Alternatively if Z, = o’ /g, it follows that I, is afunction of

a,U.and (6 — @) . Thus, a table may be computed for I, with the following parameter

ranges: & goes from 0.01—0.11, step 0.001; U. goes from 0—5 m/s, step 0.05; (6 — @)
goes from — 7z /2 — 7 /2,step 7 /12.

There are some significant differences between the procedure described above and what
is implemented in WAM cycle 4. Basically, WAM approximates Eq. (3.48) as follows:

4
z—-w,diagnostic = (Zgﬂ'z) fr751ax 'pauzj::;/jlz E(fmax,g)cosg(g_(p)' Ilrw (O{,U*)dgm (3-49)
where
£ 1.2 dy
I (a,u.) = I = uht = (3.50)
ymax K y
M=y exp o (3.51)
ui* y + Za
v 9%,

and M is the unit vector in the direction of the wind. The omission of the cosine term in
Eq. (3.51) appears to be an error (compare Eqg. (3.47) and Eqg. (3.51)). This error cannot
be compensated by the use of cos® (Eq. (3.49)) instead of cos? (Eqg. (3.48)). Furthermore,

it is not clear why the direction of 7, was changed to the wind direction instead of the

wave direction. At the time of writing this report, the WAM implementation (Egs. (3.49) to
(3.51)) is used in the present model.

Linear growth
The linear growth, a, is obtained following the approach by Ris (1997)

© DHI A/S - MIKE 21 Spectral Wave Module 13
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2C ((U* cos(6 - 6,,))’ )eXIO - (LT cos(0-6,)>0

9" 27 Opm
a= (3.52)
0 cos(@—-6,)<0
where ¢ =1.5-10" and the Pierson-Moskowitz peak frequency is defined by
o 0.13g2r
= 3.53
ST (859

The friction velocity u. is obtained using SEgs. (3.30). The drag coefficients are given by
(see Wu (1982))

{1.2875 1073 U, <7.5m/s
= (3.54)

0.8-10°+6.5-10°U,, U, >75m/s

where Uy is given at z=10m.

3.3.2 Quadruplet-wave interactions

The exact computations of the three-dimensional non-linear Boltzmann integral
expressions for S, (Hasselmann, 1962) are too time consuming to be incorporated in a

general numerical wave model. Thus, a parameterisation of S, is required. The discrete

interaction approximation (DIA) is the commonly used parameterisation of S, in third

generation wave models. The DIA was developed by S. Hasselmann et al., 1985. The
description below is taken from Komen et al., 1994 (pp. 226-228).

S. Hasselmann et al. (1985) constructed a non-linear interaction operator by the
superposition of a small number of discrete interaction configurations composed of
neighbouring and finite distance interaction combinations. They found that the exact non-
linear transfer could be well simulated by just one mirror-image pair of intermediate range
interaction configurations. In each configuration, two wave numbers were taken as

identical: Izl = IZZ =k , while IZB and IZ4 (;t IZ) lie at an angle to k as required by the
resonance condition®

The second configuration is obtained from the first by reflecting the wave numbers K,

and k4 with respect to the k-axis (see also Figure 3.1). The scale and direction of the
reference wave number are allowed to vary continuously in wave number space.

-, . K, +ky Ky -k, =0
1 Resonance condition requires that * 2 3 4

Wy + 0y — 0y —wy =0
and 1 2 3 4

© DHI A/S - MIKE 21 Spectral Wave Module 14
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Figure 3.1  The two interaction configurations used in the discrete-interaction approximation.
Contour lines represent the possible end points of the vectors ki and k4 for any
interaction quadruplet in the full interaction space. (from Komen et al., 1994).

The simplified non-linear operator is computed by applying the same symmetrical
integration method as is used to integrate the exact transfer integral (see also
Hasselmann and Hasselmann, 1985b), except that the integration is taken over a two-
dimensional continuum and two discrete interactions instead of five-dimensional
interaction phase space. Just as in the exact case the interactions conserve energy,
momentum and action.

For the configurations:

0 =0,=0
o, =01+ 1) =0, (3.55)

w,=0(1-1)=0_

where A =0.25, satisfactory agreement with the exact computations was achieved.
From the resonance conditions the angles 6,8, of the wave numbers ks(k+) and ka(k-)

relative to k are found to be @ 3=11.5°, € 4=-33.6°.

The discrete interaction approximation has its most simple form for the rate of change in
time of the action density in wave number space. In agreement with the principle of
detailed balance, we have

NY (-2
% N, [=]+1[Cg®f [N2(N, +N_)—2NN,N_JAk, (3.56)
N_ +1

where N/A,N  [&,N_[A& are the rates of change in action at wave numbers k, k+, k-

due to the discrete interactions within the infinitesimal interaction phase-space element
AK and C is a numerical constant. The net source function Sni is obtained by summing
Eq. (3.56) over all wave numbers, directions and interaction configurations.

In terms of the spectral energy densities E(f,,6), the increments to the source
functions S, (f,,0)(= cE/ &) at the 3 interacting wave numbers are given as: (S.
Hasselmann et al., 1985)
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_AfAG
AfAG
5, 1+ 2) AfAO
&Sy, ¢ = Af,AO }B(f,E,E, E) (3.57)
ésnlf
- )AfAH
Af_AO
where
E E 2EE.E
@(f,F,F, ,F)=Cg*f E? SRS P 3.58
( )=¢9 { [(M)“ (1—4)“J (1—12)“} oo

where C' is a numerical constant proportional to C, given as 3.107, Af, Af _Af_ are the
discrete spectral resolution at f;, fr+, and f.—, respectively. The increments AfA@ in the

numerator refer to the discrete-interaction phase-space element, while the differentials in
the denominator refer to the sizes of the "bins" in which the incremental spectral changes

induced by a "collision" are stored. In the above, the angular increments A& at 6,,6;,6,
are taken to be the same, while a possible frequency dependence on Af is allowed, i.e.

Af+ # Af_ # Af . Eq. (3.57) is summed over all frequencies, directions and interaction
configurations to yield the net source function, Sni.

The above analysis is made for deep water. Numerical computations by Hasselmann and
Hasselmann (1981) of the full Bolzmann integral for water of arbitrary depth have shown
that there is an approximate relation between transfer rates in deep water and water of

finite depth: for a given frequency-direction spectrum, the transfer for finite depth is
identical to the transfer for infinite depth, except for a scaling factor R:

S, (finite depth) = R(kh)S,, (infinite depth), (3.59)

where k is the mean wave number. This scaling relation holds in the range kh>1,
where the exact computations could be closely reproduced with the scaling factor

R(x) =1+§(1—5—X)exp(— 5—X) (3.60)
X 6 4

with X = (3/4)kh . This approximation is used in the WAM model.

For constant frequency interval discretisation, Eq. (3.57) can be written as:

oS, -2
&S, =11+ 1:8(f,EE, E.) (3.61)
S, 1-1
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For logarithmic frequency discretisation, Eq. (3.57) becomes:

S, -2
NSy, =1 1:0(f,EE, E.) (3.62)
&S, 1

The contributions to the gradient terms (éSn, /a’E) at the interacting wave numbers are
obtained from:

L AfAO &
AfAG CE
5(8,, 1 E) 1 2) AMAO
5(8, 1 E, ) = Af,AB CE, (3.63)
5(B, &)
1+ 1) MAO 3
Af_AO E

As in Eq. (3.57), the total contribution to &5, / ZE at a given frequency f, and direction

6 is found by summing the contributions from all frequencies, directions and the two
configurations (primary and mirrored configuration).

Additional assumptions are required before computing Eq. (3.57) and Eq. (3.63) above.
The reason for this is as follows: For the non-linear interactions, we always consider
exchange of energy between the interacting wave numbers represented in frequency-

direction space as: (f,0),(f,,0+6,)and (f_,0+86,). The frequencies f, and f_ are

given by:
f =1+A)f
(3.64)
3.65
=) (69

where A =0.25. Now, our discretisation in frequency space needs to be finite: i.e. we
discretise from a finite lower frequency, fl to a finite upper frequency, f_. . Thus, there

are problems with evaluating Eq. (3.57) and Eq. (3.63) at the two limits of the discretised
frequency space. The question is what should be done when f, > f__ or f < f 2

In order to answer this question, two additional assumptions are introduced:

Casel: f > f
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Firstly, the energy spectrum in the region f > f __ is assumed to followa f ° tail, since

X

this is the diagnostic region. Secondly, in the vicinity of f there are contributions to

max

S, from frequencies higher than the discretised maximum frequency in the model. The

maximum frequency f which contributes energy into the discretised frequency

upper?
range, can be found by solving:

f =@Q-A)f, =" (3.66)

upper max
or

fupper = o /(L= 2) (3.67)

Thus, in order to correctly compute the contributions to S, in the vicinity of f ., , the

discretised frequency space is extended to f and an f ° tail assumed in this region.

upper

Case2: f < f,

Itis assumed that E(f,8) =0 inthe region f < f . This is a reasonable assumption if

the discretised frequency space has been selected carefully to include all the energy
containing frequencies.

Furthermore, since we assume E =0 in the region f < f,, the contributions from this

region to the discretised frequency range is zero. In order to minimise the repetitive
calculations involved in the computation of the non-linear source term a procedure is
used, which consists of the following five steps:

1. For each discrete direction, @ , the indices in the direction array, to the right and left
of @+ 6,,0+ 0, are calculated and stored.

2. For each discrete frequency, f ,inthe extended frequency space, the indices to the
right and left of f_[(1+1)f]and f_[(1—1)f ] are calculated and stored.

3. For each discrete frequency, direction and configuration the spectral energy values
F(f,,0+£6,),F(f ,0£8,) are found using bilinear interpolation. The values at

the four corners of the f — @ grid are obtained from the indices obtained in steps
(1) and (2) above.

4. The computed contributions to S, and &5, / ¢E at (f,,0+86,),and (f_,0+6,)

are distributed to the discrete frequency-direction mesh-points at the four corners of
the f —@ grid.

5. The contributions to d5,(f,8)and 6(8,/ E) , calculated from steps (3) and

(4) are summed over all frequencies, directions and configurations to obtain
Su(f,0) and (&, /), yateach f —@ mesh point.
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3.3.3 Triad-wave interactions

In shallow water triad-wave interaction becomes important. Nonlinear transformation of
irregular waves in shallow water involves the generation of bound sub- and super-
harmonics and near-resonant triad interactions, where substantial cross-spectral energy
transfer can take place in relatively short distance. The process of triad interactions
exchanges energy between three interacting wave modes. The triad-wave interaction is
modelled using the simplified approach proposed by Eldeberky and Battjes (1995, 1996).

Sy(0,0)=S,,.(c,0)+S,, (c,0) (3.68)

nl+

where

0,a..27c J?%|sin cE’(c ,0)-
S,,. (c,0) = max @ 27 6,7 sin( )| (E*(-.0) (3.69)
2¢c E(o_,0)E(0,0)

Snlf(o-’ 0) = _28n|+ (0'+, 0) (3.70)
This applies when U, > 0.1 and f(1) < 2.5 frean

Hereoc =0/2, 0, =20,and C_ =0 /K _.is the phase velocity, where k_ is the wave

number corresponding to o_. g is a tuning parameter. The biphase is parameterised
by the parameter, 8, which is given by

S = %(—Htanh(%n (3.71)

The Ursell number, Ur, is given by

9 Hp
Ur=—%—-" 3.72
22 5%d? 8:72)

where & is the mean angular frequency. The interaction coefficient, J, is given by

k?(gd +2¢?)

J=
_kd (gd + 2Bgd’K? —(B +éjo-2d2J

(3.73)

where B=1/15.

3.3.4  Whitecapping

The mathematical development of a whitecap model can be traced to Hasselmann
(1974). Assuming that the mechanism for whitecap dissipation is pressure induced
decay, he obtained a dissipation source function that is linear in both the spectral density
and the frequency
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S, ® —wE (3.74)

Later, it was realised that other mechanisms are important. These mechanisms are the
attenuation of short waves by the passage of large whitecaps and the extent of whitecap
coverage (which depends on the overall steepness of the wave field). Combining these
processes Komen et al. (1984) proposed a dissipation function formulated in terms of the
mean frequency. This expression was reformulated by the WAMDI group (1988) in terms
of wave number so as to be applicable in finite water depth

A

A m k
SdS:—C'dS( & J k:EE (3.75)
Xpy

and C' and m are fitting parameters, & is the mean relative angular frequency, k is

the mean wave number, & is the overall steepness of the wave field and dpy, is the
value of @ for the Pierson-Moskowitz spectrum. The overall steepness is defined as

a =k Eyy (3.76)

where E; is the total energy of energy spectrum and &pyy = (3.02X1073)1/2 . In WAM

cycle3, m=4andC'y =2.36x10" (see also Komen et al., 1984 and WAMDI
group,1988).

With the introduction of the Janssen's description for the wind input, it was realised
(Janssen et al., 1989) that the dissipation source function needs to be adjusted in order to
obtain a proper balance between wind input and dissipation at high frequencies. Thus,
Eq. (3.75) was modified as (see Komen et al., 1994):

Sds(fﬂ):—cds[ﬂ jm (1_5)%+5(%j2 oE(f,0) (3.77)

Xpy

Cg. O and m are constants. In WAM cycle 4 the values for C,,, & and m are
respectively, 4.1x10%, 0.5 and 4. In the present implementation the tunable constants are
C,. =C, /(apy ) and & while m = 4. The default values for C3 and & are
respectively, 4.5 and 0.5.

The formulation of the source term due to whitecapping is as standard applied over the
entire spectrum and the integral wave parameters used in the formulation is calculated
based on the whole energy spectrum

270 Po
[[E(f,0)f P.dfdo
G =2 =27 22

[[E(f,0)dfdo

(3.78)
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270 Px

E(f,0)Vk )" dfdo
o | T ok

[[E(f,6)dfdo

00

(3.79)

where po=pk=-1 is applied. The integrals are calculated by a split into a resolved part
(prognostic region) and unresolved part (deterministic region) following the approach
used in Appendix A. For wave conditions with a combination of wind-sea and swell this
may results in too strong decay of energy on the swell components. Introducing a
separation of wind-sea and swell, the predictions for these cases can be improved by
excluding the dissipation on the swell part of the spectrum and by calculating the wave
parameters, used in the formulation of whitecapping, from the wind-sea part of the
spectrum. The separation of wind-sea and swell are estimated using the definitions in
Section 5.1.

To improve the the whitecapping for wave conditions with a combination of wind-sea and
swell Bidlot et. al 2007 proposed a revised formulation of whitecapping. Here Eq. (3.77) is
still applied but the mean relative angular frequency and the mean wave number are
calculated using Eq. (3.78) and Eq. (3.79), respectively, with po=pk=1 and the default

values for C;s and o are changed to 2.1 and 0.6, respectively.

3.3.5 Bottom friction
The rate of dissipation due to bottom friction is given by

— — k
Spot (,0) =—(C; +fc(u-k)/k)ME(f,0) (3.80)

where C; is a friction coefficient, K is the wave number, d is water depth, f is the

friction coefficient the for current and u is the current velocity. The coefficient C; is

typically 0.001-0.01 m/s depending on the bed and flow conditions (Komen et al., 1994).
The default value for f is 0 corresponding to excluding the effect of the current on the
bottom friction.

Four models for determination of the possibilities for the dissipation coefficient are
implemented:

1. A constant friction coefficient C . Tests with regional versions of the WAM model

(see Chapter IV in Komen et al., 1994) have shown that the mean JONSWAP value
of Cf = 2*0.038/g = 0.0077 m/s is adequate for moderate storms. The default value

for C, is 0.0077 m/s.

2. A constant friction factor f, in which the friction coefficient is calculated as
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where U, is the rms wave orbital velocity at the bottom given by

1/2

max

f —2
O
u =2 [ [—Z—E(f,0)dadf (3.82)
; Hsinhz(kh) (1.6)

The default value for f,, is 0.015*2V2 = 0.021.

3. A constant geometric roughness size kn, as suggested by Weber (1991) in which the
friction coefficient is calculated by Eq. (3.81) and the friction factor is calculated
using the expression of Jonsson and Carlsen, 1966

| -0.194
fW _e 5.977+5.213(ab/kN) ab /kN >=2 016389

(3.83)
f, =0.24 a, /ky < 2.016389
Here a, is the orbital displacement at the bottom given by
1/2
fmax l
a, =|2 ————E(f,0)dodf (3.84)
g ! ,fsinh 2 (kh) (1.9)

The default value for kn is 0.04 m. This value was suggested by Weber, 1991 as
being compatible with the flow conditions for a range of swell and wind sea spectra.

4. A constant median sediment size Dso, in which the bed is modelled as a mobile bed.
This approach was first used in a third generation wind-wave model by Tolman
(1996). However, the present implementation is very different from Tolman’s
formulation. Instead of using the Grant and Madsen model for determining ripple
dimensions (as used by Tolman), we use the empirical expressions of Nielsen
(1979) which is based on field measurements. Thereafter, the bed roughness is
calculated using the expression by Swart (1976). Finally, the friction coefficient is
computed as the product of the wave friction factor (using the expression of Jonsson
and Carlsen, 1966) and the bottom orbital velocity. The default value for Dso is
0.00025 m.

Details of the bottom friction formulation can be found in Johnson and Kofoed-Hansen
(2000).

3.3.6  Wave breaking

Depth-induced breaking (or surf breaking) occurs when waves propagate into very
shallow areas, and the wave height can no longer be supported by the water depth. The
formulation of wave breaking derived by Battjes and Janssen (1978) is used. The source
term is written as (Eldeberky and Battjes, 1996):

E(f,0) (3.85)

2a f
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where o, ~1.0 is a calibration constant, Q, is the fraction of breaking waves, f is the

mean frequency and X is the ratio of the total energy in the random wave train to the
energy in a wave train with the maximum possible wave height

2
— EtOt — H rms (3.86)
(Hn/8) \ Hy

where E,; are the total wave energy, H is the maximum wave, and H ., =+/8E,; .

In shallow water at a local water depth, d, the maximum wave height can be calculated
from

Hm — 7,d (3.87)

where y is the breaker parameter. The value of » varies from 0.5 to 1.0 depending on
the beach slope and wave parameters.

When the waves are described using the directionally decoupled parametric formulation,
the maximum wave height is influenced by the wave steepness as well.

Hm =7ws " tar]h[kmean -d }/Lj/ I(mean (3.88)

WS

Where y,; is the breaking parameter related to breaking due to wave steepness and ¥
is the breaking parameter related to wave breaking due to water depth. K., is the mean
wave number.

The default values for the tunable variablesag; ,  and y,s are respectively 1.0, 0.8
and 1.0.

In a random wave train with a truncated Raleigh distribution of wave heights the fraction
of breaking waves Q, is determined from

2
Q-1 (Hum -9y
InQb_X_(H j = Qe TR o

m

Q, is obtained solving the nonlinear Eq. (3.89) using a Newton-Raphson iteration. As

initial guess for the nonlinear iteration is used the following explicit approximation to Q,
(Hersbach, 1996 private communication)

Q, = (1+2x*)exp(-1/x) x<05
= 1-(2.04z)(1-0.44z2); z2=1-x; 05<x<l (3.90)
=1 x>1

Based on laboratory data and field data it has been shown that the breaking parameter y
varies significantly depending on the wave conditions and the bathymetry. Kaminsky and
Kraus (1993) found that y values in the range between 0.6 and 1.59 with an average of
0.79. A number of expressions for determination of the breaking parameter y have been
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proposed in literature. Battjes and Stive (1985) found that g depends weakly on the deep
water wave steepness. They proposed the following expression

y =0.5+0.4tanh(33s,) (3.91)

Here so = Ho /Lo is the deep water steepness, where Ho and Lo is the wave height and the
wave length, respectively, in deep water. This formulation cannot be used in the present
spectral wave model, because the value of y is not determined based on local
parameters. Nelson (1987, 1994) found that y can be determined as a function of the
local bottom slope, &d/dds, in the mean wave direction. Nelson suggested the following
expression

y =0.55+0.88 exp {— 0.012 cotan (@D d <100
s (3.92)

y=0.55 d >100

Recently, Ruessink et al. (2003) have presented a new empirical form for y, where y is
determined as a function of the product of the local wave number k and the water depth d

y =0.76kd +0.29 (3.93)

Ruessink et al. showed that using this formulation for the breaking parameter the
prediction of the wave heights in the breaking zone can be improved for barred beaches.
However, the new formulation is also applicable to planar beaches.

3.4 Diffraction

Diffraction can be modelled using the phase-decoupled refraction-diffraction
approximation proposed by Holthuijsen et al. (2003).

The approximation is based on the mild-slope equation for refraction and diffraction,
omitting phase information. In the presence of diffraction the magnitude of the wave
number, k, (the gradient of the phase function of a harmonic wave) is given by

k*=x*(1+6,) (3.94)

where « is the separation parameter determined from linear wave theory and ¢, is a
diffraction parameter defined by

~ V-(cc,Va)

5 2
K°CC,a

- (3.95)

Here c and cq are the phase velocity and group velocity, respectively, without diffraction
effects and a is the wave amplitude. Now the phase velocity, C, and the group velocity,
Cg, in the presence of diffraction are given by

c_C_oK__ ¢
K xk lto, 599
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Basic Equations
(3.97)

k
C, :cg;:cng+§a

For wave propagation over slowly varying depths and currents the diffraction-corrected
propagation velocities (C,,C,,C,,C,) of a wave group in the four-dimensional phase

space X, cand @ are given by
(C..C,)=C,+U=c,(1+5,)+U (3.98)
Caza—a[ﬁﬂj-vxd}—cgﬁ-@ (3.99)
od | ot 0s
1+ 6, oo ad C, 05, | & oU
Co=—l||/——— 2+ (3.100)
Kk odom| 2(1+0,)om | x om
Following the approach by Holthuijsen et al. (2003) the wave amplitude is replaced by the
square root of the directional integrated spectral energy density
(3.101)

A(o) = T E(c,0)d6

0
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4 Numerical Implementation

4.1  Space Discretisation

The discretisation in geographical and spectral space is performed using a cell-centred
finite volume method. In the geographical domain, an unstructured mesh is used. The
spatial domain is discretised by subdivision of the continuum into non-overlapping
elements. The elements can be of arbitrarily shaped polygons, however, in this paper only
triangles are considered. The action density, N( X ,o, 6) is represented as a piecewise
constant over the elements and stored at the geometric centres. In frequency space, a
logarithmic discretisation is used

01 = Onin o =fo Aoy =0,,,-0,, I=2,N, (4.1)
where fs is a given factor, omin is the minimum discrete angular frequency and No is the
number of discrete frequencies. In the directional space, an equidistant discretisation is
used

6, =(m-1A0o A6, =2xIN, m=1N, 4.2)

where Ny is the number of discrete directions. The action density is represented as
piecewise constant over the discrete intervals, Acand A&, , in the frequency and

directional space.

Integrating Eq. (3.7) over area Ai of the ith element, the frequency increment Ao and the
directional increment A46m give

0 S
g.l;em J‘A(r, J.A NdeO'd@—J‘Mm J.Ag, J‘/\ ;dead&:

(4.3)
Lg jM L\v.(lf)dgdade

where Qis an integration variable defined on A and F = (F,, Fy, F_,F,)=VN isthe

convective flux. The volume integrals on the left-hand side of Eq. (4.3) are approximated
by one-point quadrature rule. Using the divergence theorem, the volume integral on the
right-hand can be replaced by integral over the boundary of the volume in the X, o, ¢
space and these integrals are evaluated using a mid-point quadrature rule. Hence, Eq.
(4.3) can be written

oN

b Le), -

p=1

1

Aa, |:(Fa)i,l+1/2‘m_(Fa)i,l—1/2,mj|_ (4.4)

1 Si m
rgm[(':g)i‘l,mmz - (Fg)i,l,m—1/2:| +&7|;
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where NE is the total number of edges in the cell (NE = 3 for triangles).

(F)pim = (Fxnx + Fyny)p,l,m is the normal flux through the edge p in the

geographical space with length Alp. i =(n,, ny) is the outward pointing unit normal

vector of the boundary in the geographical space. (F,); |,1/,.m and (Fy); | mi1/2 are
the flux through the face in the frequency and directional space, respectively.

Convective flux in geographical space

The convective flux in geographical space is derived using either a first-order upwinding
scheme or a higher-order scheme. The convective flux at the edge between element i
and j is given by is given by

1 lc
Fn:Canace:Cn (E(NI"'Nr)___n(NI_Nr)J (4.5)

2 Jc|

Where N,and N, is the action density the left and the right of the edge and C,, is the
propagation speed normal to the cell face

cn:%(éi +6j)-ﬁ (4.6)

Using the first-order scheme N,and N, is approximated by the cell-centred values N;
and N ;, respectively.

The numerical diffusion introduced using first-order upwinding schemes can be
significant, see e.g. Tolman (1991, 1992). In small-scale coastal applications and
application dominated by local wind, the accuracy obtained using these schemes are
considered to be sufficient. However, for the case of swell propagation over long
distances, higher-order upwinding schemes may have to be applied.

Second-order spatial accuracy is achieved by employing a linear gradient-reconstruction
technique for calculating the values N, and N,. The gradients are calculated based on

cell-centred values. To provide stability and minimise oscillatory effects, an ENO
(Essentially Non-Oscillatory) type procedure is applied to limit the gradients. Additionally,
a simple limiter is applied for N, atthe interface in that this value is limited by N, N,

Nijand N ;.

Convective flux in frequency and directional space

The convective flux in frequency and directional space is derived using a first-order
upwinding scheme.
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4.2  Time Integration

The integration in time is based on a fractional step approach. Firstly, a propagation step
is performed calculating an approximate solution N" at the new time level (n+1) by solving
Eq. (3.7) without the source terms. Secondly, a source terms step is performed

calculating the new solution N"** from the estimated solution taking into account only the
effect of the source terms.

Propagation step

The propagation step is carried out by an explicit Euler scheme
. N m )
Nitm=Nim "‘At[—al'tl'm] (4.7)

where (6Ni,|’m /8t)n is given by Eq. (4.4) with S; | ,, =0 and 4tis the global time step.

To overcome the severe stability restriction, a multi-sequence integration scheme is
employed following the idea by Vilsmeier and Hanel (1995). Here, the maximum time
step is increased by locally employing a sequence of integration steps, where the number

of steps may vary from element to element. Using the explicit Euler scheme, the time step
is limited by the CFL condition stated as

At |

At |
+/c
Axi‘

At |
_+_
Ay; ‘

At |
_+_
UAO]‘

Cr = c
% Al

i,l,m

Cx

<1 (4.8)

N
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where Crjm is the Courant number and 4x; and Ayi are characteristic length scale in the x
and y-directions for the ith element. The maximum local Courant number, Crmax, i, iS
determined for each element in the geographical space, and the maximum local time

step, At for the ith element is then given by

max ,i?

At = At/Crp i (4.9)

max, i

To ensure accuracy in time, the intermediate levels have to be synchronised. Therefore,
the fraction, fg, of the local time step to the global time step is chosen as powers of %2

1)
fq :(Ej , g=123,.. (4.10)

The local time step, At;, is then determined as the time step with the maximum value of
the level index, g, for which

Aty <At (4.12)

Two neighbouring elements are not allowed to have an index difference greater than one.
The edges get the lowest index of the two elements they support.

The calculation is performed using a group concept, in that groups of elements are
identified by their index, g. The computational speed-up using the multi-sequence
integration compared to the standard Euler method increases with increasing number of
groups. However, to get accurate results in time, the maximum number of groups must be
limited. In the present work, the maximum number of levels is 32.

Source term step

The source term step is performed using an implicit method

. 1-a)S; |, + S
|nT1m _ Ni,|,m + At ( ) i,l,m i,l,m 4.12)

O]

where « is a weighting coefficient that determines the type of finite difference method.
Using a Taylor series to approximate S™*! and assuming the off-diagonal terms in the
functional derivative 8S / OE to be negligible such that the diagonal part

S,/ OE;, , =7 Eq. (4.12) can be simplified as

*

i,lm

S [ o)At
Nin|+r1n:Ninlm+( O-I)
)

For growing waves (y > 0), an explicit forward difference is used (« = 0), while for
decaying waves (¥ < 0), an implicit backward difference (a = 1) is applied.

(4.13)

Especially for small fetches, stability problems may occur. Hence, a limiter on the
maximum increment of spectral energy between two successive time steps is introduced.
The limiter proposed by Hersbach and Janssen (1999) is applied
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B 3x10~’

AN, =
o (2a)

gl.o, ‘o At (4.14)

where omax is the maximum discrete frequency and U, u defined by
U. = max(U.,(opy / 0)) (4.15)

Here U. is the wind friction speed.

4.3  Boundary Conditions

At the land boundaries in the geographical space, a fully absorbing boundary condition is
applied. The incoming flux components (the flux components for which the propagation
velocity normal to the cell face is positive) are set to zero. No boundary condition is
needed for the outgoing flux components. At an open boundary, the incoming flux is
needed. Hence, the energy spectrum has to be specified at an open boundary. In the
frequency space, the boundaries are fully absorbing. No boundary conditions are needed
in the directional space.

4.4 Diffraction

For instationary calculations the inclusion of diffraction can cause oscillations in the
numerical solution in areas with very fine resolution and/or large ratio between element
sizes. For quasi-stationary calculations the inclusion of diffraction can cause convergence
problems. To reduce these problems a smoothing is introduced for the discrete values of
the square root of the directional spectral energy density, A, = A(X;,Y;,o,), which is

used in the calculation of the diffraction parameter. This smoothing is done according to
A\ =1-) AT +a (A k =1,nsteps (4.16)

Here k is the number of smoothing steps and a is the smoothing factor. The smooth
approximation, A", is calculated by first calculating the vertex values using the pseudo-
Laplacian procedure proposed by Holmes and Connell (1989) and then calculating the
cell-centred values by averaging the vertex values corresponding to each element. By
default one filtering step is performed with a smoothing factor of a=1. Note, the smoothing
is only used in the calculation of the diffraction parameter. Increasing the smoothing
(increasing the number of smoothing steps) with reduce the oscillation/convergence
problem, but will also has the effect that the diffraction effect will be reduced.

4.5 Structures

The horizontal dimension of structures, such as piers and offshore wind turbines, is
usually much smaller than the resolution used in the computational grid. Therefore, the
presence of these structures must be modelled by a subgrid scaling technique. Two
approaches have been developed for taking into account the effect of point structures.
The effects of the structures can be taken into account by introducing a decay term to
reduce the wave energy behind the structure. This formulation is only accurate when the
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energy decay is limited and the reflection of the wave energy is not taken into account.
The second approach is based on a correction of the convective flux term in geographical
space.

4.5.1 Source term approach

The discrete source term, S; ., = S(X;, 0;, 8,,,), due to the effect of a point structure can be
written

c
Sigm =— A_CgEi,l,m (4.17)
i

where Ai is the area of the cell i in the mesh in which the structure is located, c is the
reflection factor, cg is the group celerity and E; ;,,, = E(%;, 0}, 0,,) is the energy density. The
reflection factor determines the amount of energy, which hits the structure, there is
reflected. For a circular cylinder the factor c is obtained as

c=D-r (4.18)

where 0<r<1 is the reflection coefficient and D is the diameter of the structure. The
reflection coefficient r is obtained from a pre-defined table. Alternatively, the factor c can
be specified directly as a function of the water depth and the wave period using a user-
defined table.

The pre-defined table consist of the reflection factors, rij , as function of discrete values
of the dimensionless diameter, D, and the dimensionless wave period, T

-~ - Dinax — Dpmi
Diszin+(i—1)% i=1,nd
(4.19)
L Toax — Tomi
Ti=Tnin + (- D=7 j=1nt
where
5_D
T d
(4.20)
. 2m [g
T=" 1|2
o \Nd
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Here where d is the water depth, g is the acceleration of gravity, nd=18 is the number of
discrete diameters, D,,;,=0.2 is the minimum dimensionless diameter, D,,,,=7 is the
maximum dimensionless diameter, nt=20 is the number of discrete wave periods,
T,nin=1.566 is the minimum dimensionless wave period, T,,,,=31.321 is the maximum
dimensionless wave period. The reflection factor at a given location is calculated from the
table using bilinear interpolation.

The user-defined table containing the reflection factor as function of the water depth and
the wave period must be given in form of an ASCII file. The first part of the ASCII file must
contains the header information. The header information consists of two lines each with
three space separated items. The first line contains the number of discrete depth, nd, the
minimum depth (in m), dmin, and the maximum depth (in m), dmax. The second line
contains the number of discrete wave periods, nt, the minimum wave period (in S), Tmin,
and the maximum wave period (in s), Tmax. Data follows after the header information. The
data consist of the reflection factors, ci;j, as function of discrete values of the depth and
wave period
Amax — Ami
di = dpin + (=D ——— i=1nd
(4.21)

t max — tmin

. t .
j=tmm+(]_1) nt—1 ]=1,nt

The format of a reflection factor table is shown below

Nd dmin dmax
Nt Tmin Tmax
C11 C1,2 C1,3... Cint
C2,1 C2,2 C2,3... Cont

Cnd,1 Cnd,2 Cnd,3 ... Cnd,nt

The reflection factors in the file must be space separated. The reflection factor at a given
location is calculated from the table using bilinear interpolation.

In spherical coordinates the area Ai should be replaced by 4, = A;R?cos¢, where Ai is the

area of the cell in the spherical coordinate system, R is the radius of the earth and ¢ is
the latitude.

4.5.2 Convective flux approach

The contribution to the time-derivative of the cell-centred value of the wave action
density, N;;., = N(x;, 0;,8,,,), from the convective transport in the geographical space into
the element i is given by

1 NE
- A_iZ(Fn)p,l,mAlp (4-22)
p=1

where Ai is the area of the cell, NE is the total number of edges in the cell (NE=3 for
triangles and NE=4 for quadrilateral elements), (F,)p;m = (B, + Fyny)plm is the normal

flux through the edge p in the geographical space with length Al,, and 7 = (nx, ny) is the
outward pointing unit normal vector of the boundary in the geographical space.
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The convective flux in geographical space is derived using a first-order upwinding. The
convective flux at the edge between cell i and the neighbouring cell j is given by

1 1c
E, =c, (E(N,. +N;) —Eﬁ(m —1\/,.)) (4.23)

where Ni and N;j are cell-centred values of the action density and cn is the propagation
speed normal to the cell face

1
e =5 (6 +5) i (4.24)

To take into account the effect of the structures a correction of the normal flux is
introduced

(Fn);,l,m = (Fn)p,l,m - (AFn)p,l,m (4-25)

where the correction term is given by

C
(AFn)p,I,m = F (Fn)p,l,m (Fn)p,l,m <0
p (4.26)

(AFn)p,l,m =0 (Fn)p,l,m =0
Hence, the decay of the energy in the cell i due to the point structure can be taken into

account by adding the following correction term to the time-derivative of the cell-centred
value of the wave action density

1 NE
T E(AFn)p,l,mAlp (4.27)
p=1

The reflection factor, c, is obtained as described in the previous section. To include the
reflected energy the following term is subtracted from the time-derivative of the cell-
centred value of the wave action density for the neighbouring cell j

1
A_j (AFn)p,l,m+AmAlp (4-28)

It is assumed that the energy is reflected 180 degrees. Hence, 6,,.am = Om + 7. If Oiam
do not correspond to a discrete direction, a weighted correction is added to the two
neighbouring discrete directions.

In spherical coordinates the length Al,, in the correction term should be replaced by

A/l\p = AlpR\/n,lna + ngngcospcosp (4.29)

where Al,, and (ny,ng) are the length and the outward pointing unit normal vector in the
spherical coordinate system.
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5 Output Data

5.1 Field Type

The following types of output data is possible

«  Parameters
- Integral wave parameters
- Input parameters
- Model parameters

*  Spectral parameter (directional spectrum):
The direction energy/action spectrum is obtained by integration over the discretised
frequencies

*  Spectral parameter (frequency spectrum):
The frequency energy/action spectrum is obtained by integration over the discretised
directions

«  Spectral parameter (directional-frequency spectrum):
The direction energy/action spectrum is obtained by integration over the discretised
frequencies

Integral Wave Parameters

The integral wave parameters can be calculated for the total spectrum, for the wind sea
part of the spectrum and the swell part of the spectrum. The distinction between the wind
sea and the swell can be estimated in five different ways.

Constant frequency
Swell wave components are defined as those components fulfilling the following criterion

f < fthreshold (5.1)

where fienoig IS the constant threshold frequency, which must be specified by the user.

The default value is 0.125 Hz (~ Ty eshoid = 8 S)-

Constant frequency and wind direction
Swell wave components are defined as those components fulfilling the following criterion

f < firesng  OF  COS(0—6,)<0 (5.2)
where @ and 6, is the wave propagation and wind direction, respectively. fi,renoig iS the

constant threshold frequency, which must be specified by the user. The default value is
0.125 Hz (~Tthreshold =8 S).
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Dynamic frequency
Swell wave components are defined as those components fulfilling the following criterion

f < fthreshold (5.3)

where fienoig is the dynamic threshold frequency defined by

E 0.31
fireshotd = 0'7fp,PM( - j (5.4)

model

where fp’PM is the peak frequency for a fully developed wind-sea described by a
Pierson-Moskowitz spectrum (see also Young (1999) p. 92) given by

foou =014-0 55)
10

Epy is the total wave energy in a fully developed wind-sea described by a Pierson-
Moskowitz spectrum

4
Epy = Yo (5.6)
1l.4g

and Ey, is the calculated total wave energy for the components (also named the wind
sea components) fulfilling the following criterion

f>08-f,pyandcos(6 —6,) >0 57)

Dynamic frequency and wind direction
Swell wave components are defined as those components fulfilling the following criterion

f < fresnag OF  COS(0—6,)<0 (5.8)

where @ and 6,, is the wave propagation and wind direction, respectively. fi oo iS the
dynamic threshold frequency defined above (Eq. (5.3)).

Wave-age approach
Swell wave components are defined as those components fulfilling the following wave-
age based criterion

hcos(¢9 -0,)<0.83 (5.9)
c

where Ui is the wind speed, c the phase speed and 6 and 6w is the wave propagation
and wind direction, respectively.
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The integral wave parameters are given by

1. Significant wave height, Hmo (M)

Hoo =44m, (5.10)

2. Maximum wave height, Hmax (m)
The maximum wave height, Hmax (M) is estimated as
Hypax = min(Hrlnax ’ HT%?.G.X) (5.11)

H;ax is determined assuming Rayleigh distributed waves

H :HmOQ/%InN (5.12)

where N is the number of waves estimated as N = duration/To1. The duration is set
to 3 hours (10800 s).

HZ . is determined assuming monochromatic waves

2 3
2 _g 0.141063cx + 0.0095721x” +0.0077829« (5.13)

b 1+0.0788340c +0.0317567¢° +0.0093407¢°

L 2z . .
where ¢ =—=—, where k is the wave number corresponding to the peak wave

period and d is the water depth.

3. Peak period, Tp (s)

T,=1/1, (5.14)

The peak frequency fp is calculated from the one-dimensional frequency spectrum

using a parabolic fit around the discrete peak.

The scheme for computing the peak frequency can be formulated thus:

- Search through 1D frequency spectrum and obtain the index, ip corresponding
to maximum spectral density.

- using fo=f(i,~1) f,=F(,) f,=7F(,+1)andsimiary for
Ey, E;, E,, the peak frequency is given by

f, = f(iIO —1)—£ (5.15)

where
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10.

11.

b= (fz — fO)Z(El_EO)_(fl_ fo)z(Ez — Eo)
(fl - fo) (fz - f0)2 _(fl - fo)z(fz - fo)

(fl_ fo) (Ez_Eo)_(fz_ fo) (El_EO)
(fl_ fo) (fz - fo)2 _(fl_ fo)z(fz - fo)

Mean period, TO1 (s)

C=

T =my/m,
Zero crossing period, T02 (s)
Ty, =4/M, /M,

Energy averaged mean period, T-10 (s)
T,=1f=m,Im

Peak wave direction, 6'p (degree)

This is defined as the discrete direction with maximum energy.

Mean wave direction, 6 (degree)

0 =270 —tan*(b/a)

where
1 270 3
a=— jjcos(—;r - GJE(f ,0)dfde
m, 2
00
270

- Ifsin[Eﬁ—HJE(f 6)ifdo
m, 2
00
Directional standard deviation, o (degree)
12 1/2
o-:[Z(l—(az ) )} 180/ 7

Wave velocity components

(u,v) =(H,cos(270 - 6,,), H o Sin(270 - 6,,,))

S S
Radiation stresses, S ., Yand Y (m3/s2)
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(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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1
Sxx Eg(fu2+fpp)
1
Sy =Eg(fw) (5.25)
1
S, = Eg(fv2+f )
where
7 2Kd
f :”1 _ X% e(t,0)dfdo
w (+sinh(2kd)] (1,01
00
7 2kd
f =I cos 1+ £,0)dfdo
Ry j( smh(2kd)J (1,01
(5.26)
27 o0
3 . (3 2kd
f, = Sa- Sa_0) 1 —% |t o)
W !!cos(zﬁ ajsm[zﬂ 6?]( +sinh(2kd)j (f,0)dfdo
270
(3 2kd
f :Ijsmz(— —9) 1+———— |E(f,0)dfde
=) 2" sinh( 2kd) (f.0)

12. Particle velocities
The calculation of the horizontal and vertical particle velocity components u and w is

based on Stokes first order theory for progressive waves, see e.g. Dean and
Dalrymple (1991) p79f:

coshk(z +d)

u(z,¢) =21 - cos
(2.4)=7 sinhkh ¢
(5.27)
sinhk(z+d) .
w(z.9) = hoH ST Dsing

where w is the cyclic angular frequency, H is wave height, k the wave number, d
water depth, z vertical coordinate and ¢ the phase of the wave.
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Using the directionally decoupled parametric formulation the root-mean-squared of
the maximum value of two components can be calculated as

um(z):\/j( COSthng:;d)) E(0)do

(5.28)

_ sinhk(z +d),»
wm(z)—\/j( ) E(O)de

where E(6) is the wave energy at wave direction 6.

Using the fully spectral formulation the root-mean-squared of the maximum value of
two components can be calculated as

3 coshk(z+d)
um,x(z)_\/]' j( o, COS2 T 8)y2 (£, 9)dfdo

(5.39)

_ smhk(z+d)
me(Z)—\/j j( — I C2E(f,0)dfde

where E(f,0) is the wave energy at wave direction 6.
The following values are included in the output:

- Maximum horizontal particle wave velocity at the sea bottom,
Umax(Z= -d)

- Maximum horizontal particle wave velocity at the free surface, Umax(z= 0)

- Maximum vertical particle wave velocity at the free surface,
Wmax(z= 0)

- Maximum horizontal particle wave velocity at a level
20, Umax(z= z0)

- Maximum vertical particle wave velocity at a level, zo, Wmax(z= z0)

Zo is defined by
z,=d + Ad (5.30)

where Ad is a user-specified distance above the bed.

© DHI A/S - MIKE 21 Spectral Wave Module 39



Output Data MI KEA\\

Powered by DHI

13. Wave power

The energy transport for a harmonic wave is Pe“ergy = P3¢, E in magnitude, where
E is the energy density and cq is the group velocity, p is the density of water and g is
the acceleration of gravity. In random seas the following to definitions of the wave
power can be used

- Omni-directional wave power (energy sink) Penergy

270

Penergy = 29 | [ €4 (F,0)E(f,0)dfdo 531)
00

P P

- Directional wave power (energy transport) Pe ..o = (Parergyxr Penergyy )

270

I5Energy = pg J.J.Cg ( f ,Q)E(f ,9)dfd0
00

270

Pererayn = 4 j j c, (f,8)cos(Q)E(f,0)dfdo (5.42)
00

270

Penergyy = P8 [ [ €4 (f,0)sin(0)E(f,0)dfdo
00

Input Wave Parameters

The following input parameters can be written

*  Water levels, (m)

*  Water depth, D (m)

*  Current velocity, U (m/s)

*  Wind speed, U10 (m/s)

*  Wind direction, 6w (degree)
. Ice concentration

Model Wave Parameters

The following model parameters can be written

+  Friction coefficient (m?/s)
. Breaking parameter, gamma
*  CFL number

*  Time levels

. Length (m)

+  Area(m?

e Threshold period (s)

*  Wind friction speed (m/s)
. Roughness length

. Drag coefficient

*  Charnock coefficient
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Spectral Parameters

. Wave energy
. Wave action

5.2  Output Format

The following types of output formats is possible

. Point series
- Selected field data in geographical defined points
- The geographical coordinates are either taken from the dialog or from an ASCII
file
. Lines series
- Selected field data in geographical defined lines
- The geographical coordinates are either taken from the dialog or from an ASCII
file

. Area series
- Selected field data in geographical defined area

*  The geographical coordinates of the area are specified in the dialog
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A Spectral Wave Parameters

The spectral wave parameters the total energy, Etot , the mean angular frequency, & ,

and the mean wave number, k , are calculated as follows

Bt =Mp (A1)
- m
o =2 =2r—2 (A.2)
m_
i _ Mo (A3)

The spectral moments used in the calculation of spectral wave parameters are computed
as follows

270

= j j E(f,0)f 'dfdo (A4)
00

Split Eq. (A.4) into resolved part and unresolved part

=M, (A.5)
2”fmax )

m;, = j jE(f,H)f 'dfdo a8
0 0
j j E(f,0)f 'dfdo .
0 f

Therefore:
2| FY° f L

= | [E(Frm.0) dO R = 1,
- fmfh (Frac 6) :|(fmaxj 4 (A.8)

Eq. (A.8) above is not valid for i =4. Finally, M, is given by:

f [ E(t,0)f dfdo+ ;1“ ﬁ[ E(fmax,e)dﬁ} 9)
00

o

Finally, | used in the calculation of the mean wave number is given by
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(A.10)

where the deep water expression for k has been used in the second term on the RHS of

Eq. (A.10).
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