MATHEMATICAL MODEL FOR LITTORAL DRIFT

By Rolf Deigaard,’ Jorgen Fredsee,’ and Ida Broker Hedegaard’

ABssTRACT: The longshore sediment transport along the coast is investigated
by use of detailed sediment transport models in the surf zone. Combined with
a detailed description of the wave height and longshore current distribution in
the surf-zone, the littoral drift along the coast is calculated and presented in
dimensionless diagrams for coasts with constant slope. The paper further ana-
lyzes the transverse distribution of the longshore sediment transport on a coast
with bars. The last case is compared with field measurements.

INTRODUCTION

Sediment transport in near-shore areas is a complex three-dimensional
phenomenon which often is split up into two parts, the on-off shore
transport and the longshore transport. These two processes cannot be
considered independently: for instance, the on-off shore sediment trans-
port creates the bars on coasts where the change in water level due to
tides only is moderate. Bars are created by onshore movement outside
the breaker zone and offshore movement inside the breaker zone, see
e.g. Ref. 6. These bars modify the longshore sediment transport distri-
bution across the coast profile, as discussed later in this paper.

The information about on-offshore sediment transport is today very
scarce and most research is correlated to the circulation of water under
broken waves, see e.g. Ref. 6. Much more research has been done on
the longshore sediment transport, where the transport mechanism has
been known for several decades. On a coast without any external driven
current, the sediment is transported by the longshore current generated
in the surf zone due to a decrease in the radiation stresses (20). The
sediment is picked up from the bottom due to the orbital wave motion
which creates near-bed velocities normally much stronger than the nearbed
longshore current velocities.

A first approach to quantify the above mechanism is the well-known
CERC-formula (26), which simply relates the longshore sediment trans-
port I, in terms of the submerged weight to the “longshore energy flux
factor” Py by

| A < 1)

By this method, important parameters like grain sizes and the mor-
phology of the coast (bars, slopes) are not taken into account.

A more theoretical approach has been carried out by Bijker (5), who
calculated the sediment transport in several steps. First, he calculated
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the longshore current induced by the incoming waves. Further on he
calculated the variation in wave height perpendicular to the coast, taking
into account the breaking of waves. Finally, from this combined wave-
current motion he calculated the resulting sediment transport from a
sediment transport formula.

The purpose of the present work is to introduce recently developed
models for the vertical distribution of suspended sediment in combined
wave-current motion in non-breaking waves (14) as well as in broken
waves (9), the latter being an extension of Ref. 14. These models are
combined with a detailed description of the change in wave height in
the surf zone and in the longshore current distribution.

HypropYNAMIC DESCRIPTION

The hydrodynamic description can be split up into two parts: (1) A
macro scale description giving the gross-behavior of waves (refraction,
shoaling, breaking) and current (longshore current distribution); and (2)
a detailed description of the flow in a vertical in order to describe the
vertical distribution of suspended sediment and the flow-resistance in
combined wave-current motion.

Of course items (1) and (2) are interdependent. For instance the long-
shore current distribution is a function of the friction factor f in com-
bined wave-current motion where f is evaluated under item (2).

In the following, the macro scale description is briefly outlined first.
Later on we revert to the detailed flow description.

VARIATION IN WAVE HEIGHT

In the following, we consider a long straight shore line with parallel
bottom contours. From deep water, the waves are refracted and shoaled

wave fronts

e

Xg = breaker line

FIG. 1.—Definition of Longshore Current Profile, Wave Crests and Coastal Profile
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FIG. 2.—Varlation in Wave Height after Breaking on Sloping Bottom. Measure-
ments from Horlkawa and Kuo (16)

until the breaking point, applying the usual refraction and shoaling the-
ory for linear waves and assuming no energy dissipation. The waves are
assumed to break where the wave height becomes equal 0.8 times the
water depth, which is a reasonable approximation for small bed slopes.
After breaking, the wave height decreases over a certain distance ap-
proaching a kind of equilibrium state, where the local wave height H is
very close to half the local water depth (16,24). The transition from
breaking to broken state can be approximated by the following expres-
sion

H
5TY=05+03exp (~o.11 —> ................................ 2)

in which Ax = the distance from the breaking point, D = the water depth
referring to mean water level, and Dy = the water depth at the breaking
point. Eq. 2 is an analytical approach to the experiments described in
Ref. 16, shown in Fig. 2. It is seen that Eq. 2 is a valid approximation
for moderate bed slopes (less than about 1:30). Eq. 2 is originally pro-
posed by Andersen and Fredsee (1).

LONGSHORE CURRENT DISTRIBUTION

The longshore current driven by the radiation stresses associated with
the waves as described by Longuet-Higgins (20) is assumed to be the
only current involved in the present study. The important component
of the radiation stress tensor in relation to generation of longshore cur-
rent is the “shear” component S, , given by

Sy = Fin COS (@) SIN () + .+ e e ee et ettt e e )

in which a = the angle between the wave fronts and the coastline, Fig.
1, and F,, = the momentum flux in the direction of the wave propaga-
tion. Longuet-Higgins (20) showed that S,, is constant in refracting waves
as long as no energy is dissipated from the waves, i.e. no breaking oc-
curs. When the waves are breaking, S,y decreases towards the shoreline,
giving a driving force: 4(S,,)/ox.

The littoral current can then be found from the equation expressing
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equilibrium between the following forces: (1) Radiation stress, gradient
of S, ; (2) flow resistance; and (3) transfer of momentum due to velocity
gradients in the x-direction, x being the coordinate perpendicular to the
coast.

The equation reads:

Ws) _ 9 A4
= — (pED ) ....................................... 4)

in which 1, = the bed shear stress from the current, y = the longshore
coordinate, E = the momentum exchange coefficient and V = the current
velocity.

The variation in S,, across the surf zone is calculated from the expres-
sions for the wave characteristics given in the section above using the
linear wave theory.

To be correct, the shore normal momentum equation should also be
included in the flow description in order to calculate set-down and set-
up. In the present analysis, this is for reasons of simplicity not taken
into account, whereby the longshore current is slightly underestimated
very close to the shoreline, where the set-up is largest. However, the
maximum sediment transport takes place close to the breaker line, so
the above mentioned effect is rather small.

Flow Resistance.—The mean bed shear stress 1, must be described for
the combined three-dimensional wave-current motion, because the flow
resistance is increased drastically when waves are superposed the cur-
rent.

In the present paper, the flow resistance is calculated from Ref. 13,
which describes the wave-current flow in arbitrary three-dimensional
combinations.

The friction factor will be different for the wave and the current mo-
tion due to the large difference between the thicknesses of the wave
boundary layer and the current boundary layer. The nonlinear (almost
quadratic) relation between the mean bed shear stress and the current
velocity gives a weaker relation between the slope and the current ve-
locity than the linear resistance applied by Longuet-Higgins (20): a change
in the beach slope of a factor 10 only changes the longshore current
strength about a factor 2, as seen from the numerical example with the
present model in Fig. 3.

The height of the breaking or broken waves is limited by the depth,
¥D. v is a function of the distance from the breaking point (Eq. 2). If
the water depth increases towards the coast, as it is the case on a barred
coast, the limiting depth is taken as the depth at the crest of the bar. In
this case the waves are re-established as non-breaking when the wave
height is equal to half the depth over the bar. This model has been shown
by Tucker, Carr and Pitt (25) to be in agreement with field measure-
ments.

Momentum Transfer.—The exchange of momentum is described by
use of an “eddy viscosity type’ of exchange coefficient. Several mech-
anisms are active in the momentum transfer, such as the turbulent fluc-
tuations in the breaker zone and circulation currents. The exchange coef-
ficient is less important than the bed shear stress, as its effects are more
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FIG. 3.—Examples of Longshore Current Profiles for Different Bed Slopes. Wave
Characteristics: H, = 1.5 m, T = 6.2 s, o, = 45°. Bed roughness, k = 1.25 mm:
(a) Bed slope, B = 1:333; (b) Bed slope, B = 1:33

to change the distribution of the velocities across the profile than to change
the magnitude of the larger velocities close to the breaker line. In the
present formulation the expression for E derived by Jonsson, Skovgaard
and Jacobsen, Ref. 17,

in which a = the near bed amplitude of the wave orbital motion and T
= the wave period.

As shown in Ref. 17, large variations can be allowed in the momentum
transfer coefficient E with only moderate changes in the longshore cur-
rent as a result.

Numerical Solution.—Eq. 4 is solved numerically by a finite differ-
ence method with the boundary conditions V = 0 at the shore and V —
0 for x — o,

An example of a solution for a plane coast with constant slope has
already been shown in Fig. 3. Fig. 4 shows how the longshore current
is distributed across the coastal profile when bars are present. The pro-
file is taken as the measured one at the Danish North Sea Coast (7). In
Fig. 4(a) the incoming waves are assumed to be so large that they break
at the outer bar. Hereby, a change in S,, occurs at the outer bar until
the water depth again becomes sufficiently high, and the waves are re-
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FIG. 4.—Calculated Longshore Current Profiles on Coast with Three Bars. Profile
Is Taken from (7). Wave Conditions Are Given at Outer Breaking Point: (a) Break-
ing on All Bars; {b) Breaking at Two inner Bars

established at a smaller wave height, after which S,, becomes constant
until breaking takes place on bar number two. This means that the long-
shore current will be concentrated along the bars, as illustrated in Fig.
4(a). In case of smaller incoming waves, wave-breaking may not take
place at the outer bar, which means that no longshore current will be
generated at this bar at smaller wave activity, see Fig. 4(b).

Hydrodynamic Description of Turbulence.—In the case of non-break-
ing waves and no resulting current, the turbulence is restricted to a thin
boundary layer just above the sea bed. Several methods are available to
calculate this boundary layer, for instance Bakker and van Doorn (3),
Grant and Madsen (15) and Fredsge (13).

In the case of the presence of a current beside the waves, the turbu-
lence is not only restricted to the thin wave boundary layer, but is ex-
tended to cover the entire flow depth.

All the three above mentioned models (Refs. 3, 13 and 15) are able to
include a resulting current in their flow description in the case where
the current is parallel to the direction of wave propagation. Further on,
the models by Grant and Madsen (15) and by Fredsee (13) are able to
describe the general three-dimensional case, where the current forms an
arbitrary angle with the direction of wave propagation. This is important
in description of longshore sediment transport, because the current forms
angles up to 90° with the direction of wave propagation in the surf zone.

In breaking and broken waves, turbulent kinetic energy is furthermore
produced by the roller in the surface. Deigaard et al. (9) calculated the
increase in the turbulent kinetic energy over the entire flow depth formed
by the production of turbulent energy in a spilling breaker. The pro-
duction was assumed to be equal to that of a hydraulic jump, and the

356



diffusion and dissipation of energy were calculated by a first order tur-
bulence model.

Sediment Description.—With known properties of turbulence—for
instance represented by an eddy viscosity e—the distribution of sus-
pended sediment is found from the diffusion equation

ac ac d ac
——=w-—+—(es—) ........................................... (6)
ot dz 0z 0z

in which ¢ = instantaneous concentration by volume; t = time; w = fall
velocity of suspended sediment; z = the vertical coordinate; and €, = the
instantaneous turbulent exchange factor for suspended sediment. ¢, is
normally taken equal to the eddy viscosity for the flow. In the present
model this eddy viscosity is in the case of non-breaking waves evaluated
as outlined by Fredsee et al. (14), applying the flow description by Fredsee
(13). In breaking waves, the description by Deigaard et al. (9) has been
applied.

In order to solve Eq. 6, two boundary conditions are needed. One is
the requirement of no flux of sediment in the surface or

dJc
wete,— =0 at z=D ... . e 7)
0z
The other boundary condition is correlated to the bed concentration
cy. In the present investigation the bed is assumed plane, so the bed
roughness k is scaled to the mean grain diameter d. For the present we
have taken k = 2.5 d. This result is known to be valid in uni-directional
flow in the plane bed regime at large shear stresses, (12). As pointed
out by Dingler and Inman (10), wave generated ripples disappear at large
near-bottom flow velocities. Nielsen (22) analyzed the ripple data and
found that the disappearance of the ripples took place for the Shields’
parameter 6 being in the interval 0.8 < 6 < 1.0. Shields’ parameter 6 is
the dimensionless bed shear stress defined by '

T max
0= (8)

in which 7, nax = the maximum bed shear stress during a wave-cycle, p
= fluid density, s = relative density of sand (~2.65), ¢ = acceleration of
gravity, and d = mean grain diameter.

By inspection of typical data on wave heights and wave periods dur-
ing storm situations one finds that typical values of 8 are in the range
of 1 < 6 < 10-20. This estimate is of course rough, but indicates that
most sediment transport in coastal areas takes place while the bed is
plane, i.e. no ripples on the bed.

Keeping this in mind, the bed concentration ¢, of suspended sediment
can be found by the method suggested by Engelund and Fredsee (11),
who applied the dynamic principles of Bagnold (2) to predict the bed
concentration of suspended sediment as function of the instantaneous
Shields’ parameter 6.

Fig. 5 demonstrates through a numerical example how the models in
Refs. 9 and 14 work: in case of non-breaking waves the suspended sed-
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FIG. 5.—Suspended Sediment Concentrations Profiles in Breaking and Non-
Breaking Waves. Example |s Basedon: D =2m, H=1m, T = 6 sec, d = 0.2
mm, and V = 1 m/s

iment is restricted to the thin turbulent wave boundary layer of thick-
ness some hundred times the bed roughness. If the waves are breaking,
the near bed concentration remains nearly the same for a given wave
height and wave period. However, farther away from the bed the con-
centration of suspended sediment increases tremendously due to in-
crease in turbulence intensity. Further on, Fig. 5 demonstrates that the
presence of a resulting current also increases the concentration of sus-
pended sediment farther away from the bed.

With known vertical distribution of suspended sediment the long-
shore transport of sediment per unit width perpendicular to the coast is
found by

U = the instantaneous velocity of the combined wave current motion.
The bed shear stress and the depth averaged mean current velocity V
are both obtained by an iterative solution of Eq. 4, applying the flow-
resistance model by Fredsee (13). Hereby, the vertical and temporal vari-
ation of U is obtained too. The application of Ref. 13 is of course an
approximation in the breaker zone where the turbulence generated by
the wave breaking will modify the current velocity profile slightly, as
seen from the following considerations: the longshore current is driven
by the shear component of the radiation stress, whereby the vertical shear
stress distribution differs from the normal linear distribution in open
channel flow. As an extreme, the driving force can be assumed to be
concentrated near the surface (in the roller) whereby the vertical shear
stress distribution becomes rectangular. Fig. 6 illustrated through a nu-
merical example the importance of this effect: the dotted line shows the
calculated time averaged velocity U based on a linear distribution of shear
stress, while the dashed shows U based on a rectangular shear stress
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FIG. 6.—Example of Effect of Surface Roller on Mean Current Velocity in Surf
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distribution. Both profiles include the turbulence generated by wave-
breaking applying the eddy viscosity € as calculated in Ref. 9. The de-
viation between the two calculated profiles is very small. The fully drawn
line in Fig. 6 shows the velocity profile obtained by the theory of Ref.
13, neglecting the wave-breaking. It is seen that the effect of surface
generated turbulence is most significant far from the bed where the sed-
iment concentrations are smallest. The effect on the suspended load
transport is in the present example 12%, which justifies the application
of the theory developed in Ref. 13 as an approximation even in the surf
zone.

Besides the suspended sediment, the transport of bed load is incor-
porated in the model. However, at 8-values larger than 1, the bed load
transport is negligible compared to the transport of suspended sediment
transport.

The total longshore sediment transport Qs in grain volume is now found
by integration perpendicular to the coast to be

@:f%w ................................................. (10)

CompaRriSON WiTH FIELD DATA

Comparison of the present theory with laboratory experiments has not
been carried out. In a laboratory, the bed will normally be covered by
wave-ripples, which together with laminar effects in the wave boundary
layer may cause large scale errors in the evaluation of the strength of
longshore current and in the vertical distribution of suspended sedi-
ment. For this reason, we have chosen to compare with a field study
instead.
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The amount of field data which is required for comparison with a de-
tailed littoral drift model as the present is very comprehensive. Such
ideal data should comprise: (1) Wave characteristics; (2) sediment char-
acteristics in the coastal zone; (3) current velocities in the surf zone; (4)
bathymetry; and (5) the distribution of the sediment transport rate in
the coastal profile. Only very few sets of field data are available which
satisfy at least some of the requirements above. Further, in most of the
reported field measurements comparison has been made with the CERC-
formula, leading to a reduction of the reported data with focus on the
“longshore energy flux factor,” which is the parameter used in the CERC-
formula.

One of the most comprehensive field investigations of longshore sed-
iment transport has recently been reported by the Danish Hydraulic In-
stitute (7,21). Here the complete natural backfilling of a 1,600 m long
trench, dredged through a three-bar coastal profile at a straight reach of
the Danish West Coast has been monitored. A typical profile is depicted
in Fig. 4. The soundings of the trench were made six times during the
period of backfilling, and recordings were made of wind, waves and
current velocities at 12 m water depth. Unfortunately, no flow mea-
surements could be performed in the surf zone.

It has been chosen to compare results of the theoretical model with
the recorded backfilling between March 22nd and April 15th, 1982. This
period has been chosen because a significant backfilling occurred in a
relatively short time, and this backfilling can be related to a single storm
period (April 7th-10th) with significant wave height up to 4.75 m.

At the time of the storm, the trench was only dredged across the outer
bar (x > 400 m). The distribution of the backfilling is shown in Fig. 7.

qs (Mm)

4 measured backfilling

—+— calculation, Hoyye
— — — calculation, Rayleigh distribution

6k
B(m)

FIG. 7.—Distribution Across Coast Profile of Backfilling of Trench and Calculated
Longshore Sediment Transport. The Measured Data Are from (7)
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The total backfilling is approx. 90,000 m> (solid) grain volume.
The width of the trench was 90 m and the depth 10 m, which justify
that almost all sediment transported longshore was trapped in the trench.
Storm waves are of course irregular and three-dimensional, and it is
not trivial to find the input conditions to the mathematical model which
corresponds to the field conditions. Two approaches have been applied:

1. The root mean square, H,,s, of the breaking heights has been ap-
plied. It has been shown by Rasmussen and Fredsee (23) that calcula-
tions using H,,s gave the best agreement with laboratory experiments
with sediment transport under irregular waves and a current.

2. It has been assumed that the wave heights follow the Rayleigh dis-
tribution, and the sediment transport, Q,, has been calculated accord-

ingly:
Q= f LH)QH)H o (11)
0

in which f, = the probability density function of the Rayleigh distribu-
tion. The correlation between wave period and wave height is based on
the scatter diagram in Ref. 7. With this approach it has implicitly been
assumed that the longshore current always corresponds to the instan-
taneous wave, i.e. that a single high wave will coincide with a high
longshore current velocity. Due to the nonlinear sediment transport re-
lations this could be expected to lead to an over-prediction of the sed-
iment transport.

For both methods the calculation has been performed for the combi-
nations of significant wave heights and wave directions given by Man-
gor et al. (21) for the period of backfilling. For all situations with waves
breaking at the outer bar a south-going sediment transport is predicted,
and the backfilling is compared with the total calculated transport.

The total amounts of calculated littoral drift (on the outer bar only)
are given in Table 1.

The calculated distributions of sediment transport across the coastal
profile are shown in Fig. 7. It is seen that the theory predicts the littoral
drift to be concentrated on the bars. This is partly due to the concen-
tration of the longshore current along the bars, cf. Fig. 4, partly due to
the smaller water depth above the bars. The latter results in larger near-

TABLE 1.—Comparison between Calculated and Measured Sediment Transport.
Mean Grain Diameter Is 0.20 mm

Ratio between calculation
Description Total amount (m®) and measurement
(1) () 3
Measured backfilling 90.000 —
Calculated on basis of H,,, 50.000 0.6
Calculated on basis of
Rayleigh distribution 205.000 2.3
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bed wave induced flow velocities, and therefore larger concentrations of
suspended sediment. Finally, the sediment transport capacity is largest
in breaking waves, the breaking being concentrated around the bars.

It appears that the calculated distribution is more peaked than the
measured backfilling, especially the one based on H,,,. This may be
partly attributed to the current model which is based on regular waves.
It has been shown by Battjes (4) that the longshore current profile will
be more smooth for irregular waves, because the wave breaking will be
distributed over a wider zone rather than occurring at a breaker line.

Apart from the irregularity of the waves there are some uncertainties
involved in the evaluation of the measurements. The most severe un-
certainty is probably that the actual coastal profile during the storm is
unknown. The sounded profiles after a storm may well be formed by
the less severe conditions at the last part of the storm. A small variation
in the height or shape of the bar may affect the amount and distribution
of the sediment transport. Another unknown factor is the effect of the
trench itself on the wave and current pattern.

DiacraMs AND FORMULAS OF APPLICATIONS

This section presents diagrams and formulas which can be applied to
quantify the littoral drift along a straight coast with constant slope. As
the littoral drift is concentrated in a rather narrow zone around the
breaking point, the findings may be applicable for a more complicated
bed profile by putting the slope equal to the slope around the point of
breaking.

As seen trom Fig. 3, the longshore current velocity increases slightly
with increasing bed slope. On the other hand, the width of the transport
zone decreases. These two items result totally in an increase in the total
sediment transport, Q,, which is found to be approximately propor-
tional to \}ﬁ This can be seen from Fig. 8, which shows the variation
of the dimensionless total sediment transport, ®, with B for four differ-
ent combinations of wave height and sediment size. Here ® is defined

by
_ Q.
HoVB V(s — 1)gd°

in which H, = the deep waterwave height. ® will be a function of the
following dimensionless parameters: bed slope 8, deep water wave height
Hy/d, deep water wave steepness Hy/L,, where L, = deep water wave
length, the angle oy between coast and deep water wave crest, and fi-
nally sediment settling velocity w*, defined by

¢

in which w = fall velocity of sediment.

Fig. 8 shows that @ is almost constant for a variation in B over one
decade. In the following the influence of the bed slope on the transport
will be taken into account through the definition of .
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FIG. 8.—Variation In ¢ with Bed Slope B, o, = 45°

The variation in different parameters with the deep water wave di-
rection is shown in Fig. 9 for a single combination of wave height, wave
steepness, and settling velocity. Besides the sediment transport, the
variation in the maximum current velocity and in the “longshore energy
flux factor” at breaker line, P, is shown. The latter indicates the vari-
ation in littoral drift according to the CERC-formula (26).

The variation in Q; with deep water wave angle depicted in Fig. 9(a)
is typical for a large range of Hy/d, w* and Hy/L,. A curve fitted to this
variation is

5,2
& _ (sin {2(10 [1 ~ 042 (1 - %)H) ................... (14)
Qs max 90° 90°

which can be used as an approximation for the variation of the sediment
transport with the wave direction.

The sediment transport at ay = 45°, @, is shown in Fig. 10 as a func-
tion of Hy/d, w* and Hy/L, . As described earlier, the model is only valid
for a flat bed without ripples, which corresponds to a minimum wave
height, Hy, of approximately 2,000 4.

The curves shown in Fig. 10 can for Hy/d < 3 X 10* be approximated
by the following expression with an accuracy within 10%:

H,
- 0.42

: d H H

Po=\15) 1810 <L—°) exp {(—8.9 + 65 L—:) (w* - 0.3)

0

H,
+ [4.0 - 65 (L—)} (w* — 0.3)2} ................................. (15)
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in which

H, H, ?
P =279 + 0.069 In z— —1.67|1.46 + 0.187 In -E- —-w*y ..., (16)

0 0

A less elaborate expression than Egs. 15 and 16 is
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®, = 0.1 <Hu <H0)1/2 6.1 w* ,
= y T exp(—6.1w*) . ... (17)

0

which produces the curves in Fig. 10 within 50%.

These expressions can be combined with Eq. 14 to obtain estimates
for other wave directions than ay = 45°.

As mentioned in the introduction, the CERC-formula is the most com-
monly used littoral drift formula. This is partly because of its simplicity,
but also because it is supported by a lot of field measurements, although
with large scatter. It is therefore relevant to compare the present model
to the CERC-formula.

The variation with the wave direction has been illustrated in Fig. 9,
where it is noticed that the transport according to this model is relatively
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FIG. 11.—Varlation In K-Factor with Grain Size. Theoretical Prediction Is Based

on Hy/L, = 0.025, B = 0.01, and o, = 45°. The Measured Values (Filled Circles)
Are from Ref. 8
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smaller for small and large values of a, than predicted by the CERC-
formula.

Another important parameter in the CERC-formula is the wave height,
and the littoral drift is approximately proportional to the wave height in
a power 2.5. The dependency of the wave height is stronger in this model,
where the power on the wave height is about 3-3.5.

The grain size is a very important parameter in the present model, as
in all sediment transport models. No sediment characteristics enter the
CERC-formula, which may be because of a small variation in the grain
size between the different sites where data have been obtained for the
CERC-formula.

Komar and Inman (19) suggest a value of K = 0.77 in Eq. 1. Based on
measurements, Dean, Berek, Gable and Seymour (8) have proposed a
relation between the grain size of the beach sediment and the factor K.
An example of the variation obtained by the present model is shown in
Fig. 11, together with the points forming the basis for Dean’s relation.
The tendency is the same, namely increasing transport with decreasing
grain size.

A comparison between the present mathematical model and the CERC-
formula is shown in Fig. 12 for ay = 45° and B = 0.01. The line of perfect
agreement is shown as a fully drawn line in the region where the CERC-
formula is supported by empirical data. The two models can be seen to
predict littoral drifts of the same order of magnitude for a grain size of
about 0.2 mm. Changes in a, or B would result in a displacement of the
curves in Fig. 12, but not a change in their shape.

CONCLUSION

A mathematical model for littoral drift is presented which includes a
detailed hydrodynamic as well as a detailed sediment behavior descrip-
tion.

The paper first describes the littoral drift along a bar coast. The model
predicts that the littoral drift is concentrated on the bars. This is partly
due to smaller local water depth, partly due to large longshore current
on the bars, and finally due to larger transport capacity under broken
waves.

This model has been compared with a field study at the Danish North
Sea coast, and the agreement has been found to be satisfactory, taking
into account the complexity of the treatment of an irregular wave cli-
mate.

In case of a coast with constant slope, dimensionless diagrams have
been worked out for calculation of the littoral drift.

The present theory suggests that the littoral drift not only is a function
of the “longshore energy flux factor,” but also of the slope of the coast
and the sediment properties: the littoral drift increases nearly by the square
root of the slope, and increases very much with decreasing grain size.

For grain sizes around 0.2 mm, which is very common on beaches,
the present theory does not deviate much from the CERC-formula. The
present theory further on predicts the transverse distribution of the
longshore sediment transport on the coastal profile.
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AppPeNDIX Il.—NOTATION
The following symbols are used in this paper:

a = near bed amplitude of the wave orbital motion;
¢ suspended sediment concentration;

¢, = Dbed concentration of suspended sediment;
D = water depth;
Dg = water depth at the breaking point;
d = grain diameter;
E = momentum exchange coefficient;
F, = momentum flux in the direction of wave propagation;
f = friction factor;
f, = probability density function of the Rayleigh distribution;
g = acceleration of gravity;
H = wave height;
H... = root-mean square of the wave heights;
H, = deep water wave height;
I = integral, defined in Eq. 5;
I, = the longshore sediment transport rate, given as submerged
weight;
K = coefficient in the CERC formula;
k = bed roughness;
Ly = deep water wave length;
P, = ‘longshore energy flux factor’”;

P = power used in approximate formula for & ;
Q, = longshore sediment transport;

gs = longshore sediment transport rate per unit width;
Sy = shear component of the radiation stress tensor;

s = relative density of the sediment;

T = wave period;

t = time;

U = instantaneous flow;

I = time averaged current velocity;

V = longshore current velocity, depth averaged;

Vo = maximum of V;

w = settling velocity of suspended sediment;
w* = dimensionless settling velocity;
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g o ne w
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distance from the coast line;

vertical coordinate;

longshore coordinate;

angle between the wave fronts and the coast line;

deep water wave angle;

coastal slope;

ratio between H and D for breaking and broken waves;
distance from the breaking point, measured in the inshore
direction;

eddy viscosity;

turbulent diffusion coefficient for suspended sediment;
dimensionless bed shear stress;

density of water;

bed shear stress from the current;

maximum bed shear stress during a wave period;
dimensionless longshore sediment transport; and

® for ap = 45°.
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