MIK@

Powered by DHI

MIKE 21 & MIKE 3 Flow Model
CWC Schemes

Scientific Documentation

The expert in WATER ENVIRONMENTS MIKE 2019



DHI headquarters
Agern Allé 5
DK-2970 Hgrsholm
Denmark

+45 4516 9200 Telephone
+45 4516 9333 Support
+45 4516 9292 Telefax

mike@dhigroup.com
www.mikepoweredbydhi.com

m3m21_cwe.docx/PEB/AJS/2018-10-01 - © DHI



P
MIKE"

Powered by DHI

PLEASE NOTE

COPYRIGHT This document refers to proprietary computer software, which is
protected by copyright. All rights are reserved. Copying or other
reproduction of this manual or the related programmes is
prohibited without prior written consent of DHI. For details please
refer to your ‘DHI Software Licence Agreement’.

LIMITED LIABILITY The liability of DHI is limited as specified in your DHI Software
License Agreement:

In no event shall DHI or its representatives (agents and suppliers)
be liable for any damages whatsoever including, without
limitation, special, indirect, incidental or consequential damages
or damages for loss of business profits or savings, business
interruption, loss of business information or other pecuniary loss
arising in connection with the Agreement, e.g. out of Licensee's
use of or the inability to use the Software, even if DHI has been
advised of the possibility of such damages.

This limitation shall apply to claims of personal injury to the extent
permitted by law. Some jurisdictions do not allow the exclusion or
limitation of liability for consequential, special, indirect, incidental
damages and, accordingly, some portions of these limitations
may not apply.

Notwithstanding the above, DHI's total liability (whether in
contract, tort, including negligence, or otherwise) under or in
connection with the Agreement shall in aggregate during the term
not exceed the lesser of EUR 10.000 or the fees paid by
Licensee under the Agreement during the 12 months' period
previous to the event giving rise to a claim.

Licensee acknowledge that the liability limitations and exclusions
set out in the Agreement reflect the allocation of risk negotiated
and agreed by the parties and that DHI would not enter into the
Agreement without these limitations and exclusions on its liability.
These limitations and exclusions will apply notwithstanding any
failure of essential purpose of any limited remedy.

The expert in WATER ENVIRONMENTS



MIK@

Powered by DHI

CONTENTS

MIKE 21 & MIKE 3 Flow Model
CWC Schemes
Scientific Documentation

1 e Fd oo 1U o] ¥ (o] o HE PP PP PP TPPP 1
2 CWC Scheme fOr MIKE 3 HS ...t 2
3 Partial CWC Scheme for MIKE 3 ACM .. ..ottt 3
4 Stability of ADVECTION SCREME.. ... 6
5 IMBS'S COTTECTION ..eeiiieeee ettt ettt e e e et e e e e e e s e et e e e e e e e s e b e e e e e e e e e e aannes 7
6 SOUICE/SINK TEIMMIS ...ttt e et e e e e e e s e et e e e e e e e eaaeeeas 8
7 DIffUSIVE TEIINS ittt e e s e e e e e aneeeas 11
8 Comments 0N IMPIEMENTATION........uuiii e 13
9 RETEIBNCES ... 15

The expert in WATER ENVIRONMENTS i



| <N
Introduction MI KE

1 Introduction

This document deals with some of the numerical aspects of the advection-dispersion
(AD) schemes, implemented into the Flow Models of the MIKE 3 and MIKE 21 modelling
systems.

For an in-depth description of the equations and numerical formulation used in the
hydrodynamic (HD) modules of MIKE 3 and MIKE 21, the reader is referred to the
respective Scientific Documentations which are assumed known in the following.

Aspects such as mass conservation, consistency with continuity, stability, source/sink
terms, and diffusive terms for AD schemes are treated in the present document. For a
description of the AD schemes used in MIKE 21 and MIKE 3 Flow Models such as the
QUICKEST scheme, see e.g. the papers by Vested et al. (1992) and Ekebjeerg and
Justesen (1991).

The mass conservation property is widely recognised as being important in flow
modelling. The concept of “consistency with continuity” (or CWC), on the other hand, is
often neglected in the literature on advection modelling. CWC is a simple and very
important concept. Putting details and mathematical rigor aside, a CWC scheme is one in
which the discretised scalar transport equation is identical to the discretised continuity
equation (i.e. the mass equation of the HD solver) when the scalar concentration is 1
everywhere. Thus, in a CWC scheme the mass flux through each flux face of a
computational grid cell that occurs between two time steps is identical to the volume flux.
The CWC property is clearly physically correct and of great practical importance. For
more details on the CWC property, see e.g. the papers by Gross et al. listed in the
References section.

Within the scope of the present document, the hydrostatic (HS) version of MIKE 3 is
much similar to MIKE 21, the main difference being the absence of vertical terms in the
continuity and AD transport equations in MIKE 21. Therefore, only the more general
MIKE 3 HS is treated herein and the reader may easily reduce expressions to the MIKE
21 case.

As will be evident from the following, the classical, non-hydrostatic version of MIKE 3
cannot fully comply with the CWC concept within the framework of this document.
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2 CWC Scheme for MIKE 3 HS

The layer-integrated advective transport equation for a substance c reads:

agtc + 62;C + 62;/0 +(we)" —(we) =0 2.1)

neglecting source/sink terms. In Eq. (2.1), h is the local layer thickness. Introducing layer-
averaged fluxes U; =huand v, =hv and time-centring as in the HD at N+1/2, we

get:

= fihey - (hey ], -

AX (2.2)
e e ).,
- [Cu (WADC )I —Cp (WADC )I—l]j,k

where C¢, C,, Cy, Cs, Cy, and C, are the concentrations at the east, west, north,

south, up and down faces, respectively, of the grid cell, and UfDC , VfDC and W""° are

the AD-centred fluxes/velocities given as:

1
e == (Ut +ul)
2
v ADC =£(Vn—1/2 4 yn2 +Vn+3/2)
f 4 f f f (2.3)
aoc _ 1 ( naa n+3/4
W =E(W +W )

Eq. (2.2) is consistent with the continuity equation of MIKE 3 HS, i.e. it is a CWC scheme.
This is easily seen by setting ¢ =1 in Eq. (2.2) whereby the HS continuity equation is
exactly obtained. Any reasonable scheme (e.g. QUICKEST or UPWIND) may be applied
to obtain the face-centred concentrations.
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3 Partial CWC Scheme for MIKE 3 ACM

The time staggering of the non-hydrostatic version of MIKE 3 (in which the artificial
compressibility method, ACM, is applied) prescribes that pressure and elevation through
the discretised continuity equation is advanced by two thirds of a time step during each of
the three sweeps. For the x-sweep in the top layer this amounts to

3 n+l/2 1 n-1/2 n-1/6 n+1/6 :|
— —= + +
e )

+§{%(u? +u?+1)" _%(u? +U?+1)j_l:|k,|
+i|:£(vrf12/3 +Vrf]+1/3)k _E(V?—zm +Vrf\+1/3)k_l:|
2 2 y

N l:_%(wnlm + Wn+2/3)|_l} _ 0

J.k

(3.1)

neglecting source/sink terms, and where 7 is the surface elevation. Similar expressions
can be obtained for the y- and the z-sweep. With H, denoting the thickness (with sign

and constant in time) of the top layer grid cell up to the reference level, the actual layer
thickness of the top layer is h =17+ H,, and the equation for the three sweeps, each

weighted by 1/3, may be added to

i‘:i(hmllz+2hn+5/6+3hn+7/6)_%(hn—1/2+2hn—1/6+3hn+1/6)}

At 6

111 n n+ 1 n n+
+E{E(uf U l)j _E(Uf i 1)j1:lk,l

Jukl

3.2
+Aiy[%(v?2’3 +3vie 4 2vrf‘*‘”3)k —%(v?m +3v 4 2V?+4/3)k_11| -
+{—%(2W“‘“3 +3w"?’ +W”+5’3),11 T 0

Thus, with
hra7is %(h“*“2 +2h™/8 4 3n"716)
3.3)

pr-1/18 :%(hnuz 4 opnYe +3hn+1/6)

centred at n+17/18 and at n+1/18, respectively, and with
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1
o = =(ul +u?)
2
d )
ADC __ —|(\,n-2/3 n+1/3 n+4/3
Vi o= 5 Vi3V + 2 (3.4)

1 _
WAPe ZE(2Wn U3 | gyyn2/3 +Wn+5/3)

which are all centred at n+1/2, the CWC scheme for the top layer of MIKE 3 ACM, written
in a form corresponding to Eq. (2.2), becomes

i[(hc)n+17/18 _(hc)n—1/18:|j’k’| _

At
_ i Ce (U e )j ~Cw (u o )il]k,l

!
o (007 o 00,

It is seen that the concentration c is centred backwards by 1/18 of a time step compared
to Eqg. (2.2). This holds generally for all layers of MIKE 3 ACM.

(3.5)

For non-surface layers of thickness Az, the corresponding discrete continuity equation
for the x-sweep reads

3 |:Pn+1/2 _%(Pnlw L prye Pn+l/6):|

2Atp_j’k'|C32 ™
—<> Sl |
L i B SIS W .

again neglecting source/sink terms. The variable P denotes pressure, and p and C; are
the local density and speed of sound in the water, respectively. (With spatially varying,
but constant in time, layer thickness, i.e. for grid cells just above the seabed, the bottom

fitted approach is used and the above equation is slightly modified). For the y- and the z-
sweep similar expressions can be written, and if all three equations are weighted by a

factor of 1/3 and added, the following is obtained
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1 2|:1(Pn+1/2+2Pn+5/6+3pn+7/6)_£(Pn1/2+2Pn1/6+3pn+1/6}
Atp;,,Cs L6 6
3.7
+ (velocity terms) = 0

On the other hand, the layer-integrated, discrete advective transport scheme for the same
layers is

Ait[h(cnm/ls _ s )]j,k,l _

AX j =, (3.8)
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It is clear that in general this scheme is not fully CWC for MIKE 3 ACM, since with ¢ =1
it does not reduce to the continuity equation applied in the HD solver: The pressure time
derivative is absent. This can also be formulated as

), o),

N 2_;[(\/:\0(: )k _ (V}ADC )k_l]“ (3.9

+ At [(WADC )| _ (WADC )I_l]

At (u ?\DC )

ik

i.e. that the layer-integrated, discrete divergence of the ADC does not vanish, which
again means that the fluid is compressible.

Remarks:

To be able to use the same notation for all models in the following, superscript “new” will
denote the new time step, which is n+1 for MIKE 3 HS and for MIKE 21, while it is
n+17/18 for MIKE 3 ACM. In the same way, “old” denotes the old time step, i.e. n for
MIKE 3 HS and for MIKE 21 and n-1/18 for MIKE 3 ACM.
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4 Stability of Advection Scheme

Stability of the simple scheme
1 u
E[S”QW—S""’ ]j :—E[SJ-”QW—S}”,?] 4.1)

is obtained if the CFL criterion is fulfilled:

|u|% <1 (4.2)

Therefore, we expect that the stability criterion for Eq. (2.2) is like

At At
‘uf‘—+ v,|—<h (4.3)
AX Ay

where we have neglected the vertical velocity terms.

Note: Since we use a staggered grid, division by h in Eq. (4.3) is not in general identical
to the more well-known restriction expressed in velocities

At At
u[—+v|—<1 (4.4)
AX Ay
In models with large gradients in h, Eq. (4.3) is found to be much more restrictive than

Eq. (4.4).

Tests have shown that Eq. (4.3) may occasionally be violated in a few isolated grid points
and the model may still perform well as long as Eq. (4.4) is fulfilled everywhere.

© DHI - MIKE 21 & MIKE 3 Flow Model - CWC Schemes 6
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5 Mass Correction

Even though Eq. (2.2) is a CWC scheme, practical cases can be found that do not fully
preserve the mass through Eq. (2.2) as it is. These cases include applications with
extensive flooding and drying.

We introduce a mass-correction term into the equation:

% +-(urc)+(we) —(we) =ec’ (5.1)

where C is a correction concentration to be determined below, and

oh — N _
E=—+V-Ust +W —W (5.2)
ot

Usually ¢ =0 due to the continuity equation, but the discrete version may differ from
zero near e.g. flooded/dried points.

Different implementations of ¢ have been analysed and tested. Best results are
obtained if ¢” is introduced as

¢ = —(c°'d + c“ew) (5.3)

whereby Eq. (2.2) is replaced by

where RHS, ., is short for the right-hand-side of Eq. (2.2)and

(2)

VADC — hnew _ hold

(5.5)
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6 Source/Sink Terms

The layer-integrated advective transport equation for a substance ¢ was stated in Eq.
(2.1), and including source/sink terms it reads:

ohc ~ _
SV (u fC)-‘r‘ (we)" —(we) =S, 6.1)
Qy
S, =Pc, — Ec. +
HW
NS (—— _
+ 25(X — Xsis )Cs,is Qs (6.2)
is=1
ND (— JR—
+>"5(X = Xos, )D,
ip=1
where
o: delta function of horizontal coordinates, m
Xsig horizontal coordinate of point source/sink No. is
Ci, - concentration of point source/sink No. is , [c] e.g. mg/|
QS’iS : discharge at point source/sink No. is , m3/s
P: precipitation rate at surface, m/s
Ce: concentration in rain at surface, [c]
E: evaporation rate at surface, m/s
CE: evaporation concentration at surface, [c]
Q-: heat flux from heat exchange module (if c is temperature), W/m?
R density of water, kg/m?®
Chw: specific heat of water, 4186 J/(kg °K)
DiD : dry deposition rate, [c]m3/s
YD,iD : horizontal coordinate of dry contributor No. io

At point sources:
Cs is source outlet concentration.

At point sinks:
cs is sink concentration, numerically implemented as the concentration, c®¢, of the
ambient water at the sink point.

At connected point sources/sinks pairs:
Csource = Csink + Cexcess Where Cexcess IS the excess concentration and
Csink = €% (jsink , Ksink , Isink )

QSink =- QSource
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Dry deposition:
Dry deposition is as a source term in the AD without a corresponding HD term. We
distinguish between two different types of dry deposition

e Surface deposition, e.g. pollution from air
e Seabed deposition, e.g. leaching from highly contaminated soil

Evaporation/precipitation:
Specification cp and ce requires specification of what kind of component that is
considered:

. If ¢ is temperature, then often cr is the air temperature and ce is the temperature of
the ambient water, but other formulations are possible, e.g. as obtained through the
latent heat flux as calculated in the heat exchange module

* Ifcis salinity, ce is zero and so is ce

*  For other concentrations, cep should be user-specified (e.g. pollutant from rain) and
while ce is zero

Mass correction in presence of sources:
The layer-integrated continuity equation for MIKE 3 HS with source/sink terms reads:

oh = P

E+V-uf+w -W =S, (6.3)
Ns . __

SHD =P-E+ Z§(X — Xsjig )stis (6.4)

ig =1

Given Egs. (6.1), (6.3) and (5.1), the mass-correction in presence of sources/sinks is

defined as
h _
g:%+v-uf+w*—w—SHD (6.5)

and as in Eq.(5.4) we may write
new 1 ADC new _ | old 1 ADC old o
h EV c™ =h +§V ¢ +At{RHS,, +S (6.6)

with
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hnew _ hold

(6.7)

and where S, and S, denote the discrete versions of the source terms for the HD

and the AD,

Suo =At(P—E)+

and

S,o = At(Pc, — Ec )+

© DHI - MIKE 21 & MIKE 3 Flow Model - CWC Schemes

respectively. S, and S,, are expressed as

At &
; 6.8
AxAyg; Q. (6.8)
AtQ At & At
5+ Z Cs,is Qs,iS + Z DiD (6.9)
PCuw  AXAY T AXAY {3
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7 Diffusive Terms

The layer-integrated diffusive transport equation for a substance c reads:

ohe = '[{ ( j 0 (D @j 0 (D @ﬂ dz (7.1)
ot ox\ “ox) oy oy) oz oz

with
h=h"-h" (7.2)
Formally, we have for the x-term
h* + + _ -
j 2 (D @jd 0 (hD @j—ah (DX @j +ﬂ(Dx @j 73)
- OX OX OX OX OX OX OX OX

with a corresponding expression for the y-term, and for the z-term

h+
0 8c ac ocy
I dz = D, — (7.4)
-0z ‘oz ‘oz ‘oz
For internal points, the last two terms in the x- and y-expressions are zero, but generally

not at surface and bottom layers. We will ignore these terms anyway, thus assuming the
layer-integrated diffusive transport equation to be

ohe a(hDX@) 2l hp, |4 (D @j —(DZ@j 75)
ot ox OX ay Y oy 0z 0z

In discrete form the horizontal diffusive transport is

—C.
=min(h,,,,h;) D, T’ (7.6)

]

Different implementations have been analysed and tested, but the one described above
with h =min(h._,,h.) is the only one found satisfactory stable in situations with large

layer gradients.

L

Stability considerations:
When implemented in an explicit scheme the stability criterion for the diffusive terms
alone is

D D
At[AX2+Ay2+ADZZj < % 7.7)
X y z
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This seldom imposes any severe restrictions on the horizontal terms, but often the above
criterion is potentially violated due to the vertical term: Typically, Az is relatively small
implying that the time step size and/or the vertical diffusion coefficient should be
unacceptably small. Cases where high vertical diffusion coefficients are essential include
parameterisation of deep convection and heavy cooling/heating of the surface through
heat exchange with the atmosphere, see e.g. Vested et al. (1998).

Therefore, the vertical diffusion terms may optionally be solved through an implicit

scheme. With a combination of an explicit scheme for the horizontal terms and an implicit
scheme for the vertical term, the above-mentioned stability criterion is replaced by

D D
At —+—2 | < 1
AX® Ay 2

At ng < 10
AZ

(7.8)

The later is a recommendation for maintaining satisfactory accuracy; the implicit scheme
is stable beyond that limit.

© DHI - MIKE 21 & MIKE 3 Flow Model - CWC Schemes 12
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8 Comments on Implementation

To summarise, the flow of computations in the scheme laid out on the preceding pages,
including CWC, mass-correction, source/sink terms and diffusive terms, goes like:

1. The ADC fluxes/velocities and layer thicknesses are obtained from the HD solver.

2. The correction term V¢ =At ¢ with possible HD source/sink and
evaporation/precipitation terms is calculated and stored.

3. AD source/sink terms At S without evaporation/precipitation terms and heat
exchange terms are calculated and stored.

4. The AD solver is applied and (hC) with correction term and possible
evaporation/precipitation/deposition terms is updated and stored:

(he)” = (hc)™

SCOId

- At{v : (c"'d ut s )—V : (h‘)'d Dvc™ )— Pc, + Ec, —

where ¢ in the advective term should be replaced by appropriate face-centred

values obtained at the same time step, i.e. at n for MIKE 3 HS and MIKE 21 and at
n-1/18 for MIKE 3 ACM. The diffusive term includes only terms calculated by the
explicit scheme.

5. Source/sink terms are added:
(hc)™ =(hc)™ + AtS
6. The new concentration is then found from

oW — (hc)m

h™ —¢g/2

7. If cis temperature, then possible heat exchange with the atmosphere is treated.

8. If implicit vertical diffusion scheme is selected, then it is applied as the last step
(MIKE 3 only).

This scheme can be implemented directly as described above into MIKE 3 and MIKE 21
with any (reasonable) AD scheme:

«  with different HD-engines, different ADC velocities/fluxes and elevations are
required, and

- different advection schemes require different values for the face-centred
concentrations.

© DHI - MIKE 21 & MIKE 3 Flow Model - CWC Schemes 13
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For MIKE 3, both HS and ACM, the scheme has been implemented with 3D
QUICKEST/SHARP, 3D UPWIND, directionally split ULTIMATE/QUICKEST, and simple
directionally split UPWIND schemes. With MIKE 3 ACM, however, the resulting scheme is
not fully CWC and concentrations are back-centred 1/18 of a time step compared to
MIKE 3 HS.

For MIKE 21, the scheme has been implemented with 2D QUICKEST, 2D UPWIND,
directionally split ULTIMATE, and simple directionally split UPWIND schemes.

When implemented with a time- and/or space-split AD scheme, it is important that the
face-centred concentrations during all steps are obtained on basis of the concentration
field at time step n. Otherwise, one or both of the properties, CWC and mass-
conservation, is lost. Presently in MIKE 21 and MIKE 3, the directionally split schemes,
ULTIMATE and simple UPWIND, have been designed with face-centred concentrations
based on the intermediate concentration field (in order to save computer memory).
Therefore, if the user has chosen one of these AD schemes, it is not guaranteed that a
constant concentration field remains constant during e.g. extensive flooding and drying
conditions.

© DHI - MIKE 21 & MIKE 3 Flow Model - CWC Schemes 14
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